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1. Find the derivative. Simplify where possible.
(a) y=2a°*—-2)" (Factorize the answer.)

By Product Rule 3y’ = 5z*(z® — 2)* + 2% [(2® — 2)Y]
By Chain Rule  [(z® —2)*] =4 (2® — 2)® - (32%) = 12(z® — 2)322%.
Finally, ¢ = b2*(z® —2)* + 2512 (2 — 2)32?

= 7zt (2® - 2)3 (5(2® — 2) + 1223) = z* (2 — 2)% (1723 — 10).

(b) y=1In|6x|+ 6" + logsx

1
Answer: y = — +6"In6 + :
x zln6

(¢) y=2cos®V1+2a?
y=flg(z)), f@t)=2cos’t, g(z)=V1+a2

f'(t) = —6cos’t sint,

1 x
") =[(1+22)Y?) = (1 +22)"V% . (22) = i
J) = [+ = 1+ a) P (2) = L
Finally, "= 6 cos? VIt a?sinVlta? .
y y V1422
(d) y=In(tanz) —tan(lnz) Let ¢ =tanx, then
1 cosz 1 1
1 t I: 1 tl t ! = . 2 - - = —
(In(tanz))” = (Int) (tanz) tan x (sec” ) sinz cos?x sinzcosx’
1
(tanlnz)’ = (sec’Inz) - .
x
1 2]
Finally, ¢ = - L Xenr
sin x cos x x
(e) 3z%y*=2y° +42°
d d
Implicit differentiation: 3 (2z¢* + 422¢* 22 ) = 104 2 1 1222,
dz dz
dy 2,3 4 2 4
- (122%y° — 10y*) = 122? — 6ay?,
dy 122 — 6zy* 3z (2z —y")

Finall = = = .
maty, dx 122293 — 10y* y3 (622 — Hy)
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9T (334 + 1)5

b —
© V=
1
Iny= zIn2 + 5In(z* +1) — iln(x—l—xz),
! - 43 1+2
Yy o_ ln2+5 o + 2z
y 41 2(x+ 2?)
27 (z% 4+ 1)° 203 1+ 2z
Finall "= ——+ (In2 — .
1na ya y x+x2 n + .{E4+1 2x(1+x)

3. The length of a rectangle is increasing at a rate of 3 cm/min while the width is
decreasing at a rate of 4 cm/min.

(a)  Find the rate at which the area of the rectangle is changing when the length
is 30 cm and the width is 70 cm.

Let [ be the length, w the width, A the area. Then % = 3 cm/min, % =
—4 ;cm/min. The area is A =1[-w. Hence,

dA dw dl 2, .
%_lﬂ_l_w%_30'(_4)+70.3__120+210_ 90 cm”/min.

(b)  Find the rate at which the length of the diagonal is changing when the length
is 30 cm and the width is 40 cm.

(a) Let z be the diagonal. Then 2? =% + w?. Hence,
dx dl dw

92222 — & 4 0y ™Y
T Tt T
de. _ 1 (dl dw
dt = \'dt dt
1 90 — 160 —7
— 30:3—40-4) = ————— = — in.
o ) o 5 o/

4. Given f(z) = z* — 222, use differentiation to determine the intervals over which
the function is increasing, decreasing, concave up or concave down. Find the exact
values of both coordinates of all extreme points, inflection points and intercepts.

f(z) = 2* — 222 = 22 (2% - 2),
f'(z) = 42® — 4z = 4z (2% — 1),
f"(z) =122% — 4 =4(32* - 1).
z-intercepts are found from the eqn. f(z) =0: z =0, z = +V/2.
The z-intercepts are (—+/2,0), (0,0), (v/2,0). The y-intercept is (0, 0).

Relative extrema are found from the eqn. f'(z) =0: =0, x = £1.

Intervals of monotonicity: I = (—oo,—1), Il = (-1,0), III = (0,1). IV =
(1,00). Signs: f' < 0 in [ and I1I; f' > 0 in II and IV. Therefore the critical
points are:

Relative minimum at z = —1, y = (=1)* —2(-1)? = —1.
Relative maximum at x = 0, y = 0.

Acain relative minimiim af » — 1 9 — —1



f"(x) <0 when z < —1 and when z > 2
f"(z) >0 when —1 <z <2

lim, , - f(z) = —o0, lim,, 1+ f(z) = o0
limg , o f(z) = =1, lim, o f(z) = 2.

Solution. The information provided should be interpreted as follows:

1. Put the points (0,1), (1,0) and (2,1) on the graph.

2. Draw the horizontal asymptotes: y = —1 to the left and y = 2 to the right.
Draw the vertical asymptote z = —1.

3. The function has horizontal tangent at x = 1, which corresponds to one of the
given points: (1,0). No other critical points exist.

4. The function is concave down in (—oo,—1). Then it is concave up in (—1,2),
and again concave down in (2, 00).

5. Sketch the graph:
As x goes to —oo, the graph approaches the asymptote y = —1 from below and it is
concave down. The function decreases when x < —1.
As z approaches —1 from the left, the graph approaches the negative direction y —
—oo of the vertical asymptote z = —1.
As x approaches —1 from the right, the graph approaches the positive direction
y — oo of the vertical asymptote x = —1.
The graph goes down as x changes from —1 to 1. It has relative minimum at (1,0)
and then increases, approaching the horizontal asymptote y = 2 from below as = goes
to +00. The inflection point is (2, 1). To the right of it the function is concave down,
and to the left concave up.



