MEMORIAL UNIVERSITY OF NEWFOUNDLAND
DEPARTMENT OF MATHEMATICS AND STATISTICS

TEST 2 (Sample) Version B MATH 1000-5 Solutions

1. (a) y=2%32"4+1)> (Factorize the answer.)

By Product Rule ¢’ = 32*(3z* +1)° + 23 [(3z* + 1)7]
By Chain Rule  [(3z* +1)°) =5 (3z* + 1)*- (3-42% + 0) = 60 (32" + 1)*z3.
Finally, 3 = 32?(3z*+1)°+ 23 -60 (3z* + 1)*x3

= 322 (32 + 1)* (3z* + 1 + 202%) = 322 (3z* +1)* (232* + 1).

(b) y=logsz + In|bx|+ 5"

(log, ) = Inz I_ 1
857) = In5/ zlnb

1
(In[5z]) = Inb+In|z|) =0+ —, (5*) =5"1n5
x

1 1
Finally, y = + — + 5%Inb.
zlnd =z

(¢) y==6sin®v1— 22
y=[flg(x)), flt)=6sin’t,  g(z) =V1-2a?

f'(t) = 18sin*¢t cost,

1 -
) = (1 — 22)/2) = 2(1 — 22)-1/2 . (—9g) — ‘
/) = [(L=2)PF = (1 =) (-20) = o
Finally J = —18z sin? /1 — 22 cos /1 — 22
’ V1—2? .
(d) y=cot(lnz)+In(secz) Let ¢=secx, then
1
1 "= (Int) (secz) = —— - (secx tanz) =t
(In(secz))’ = (Int) (secx) P (secz tanzx) = tanz,
1
(cotInz) = (—csc?Inz) - —
x
, —csc?lnzx

Finally, Yy = ——— +tanuz.
x



(e) 5xyd =4y® 4 32*

d d
Implicit differentiation: 5 (43:3 y® + 3zt d_i> = 12° % + 1223,

d
(15aty? — 1242) = 122° — 204%°,
dx
dy 1223 — 202%y° 42 (3 — 5y
Finally, Y - 120°—200y" 4 (3-5y)

dzx 15242 — 1242 3y2 (5zt —4)

2. (Logarithmic differentiation)

Vvt —zx

© V= mir ey

1
Iny = éln(x4 —z)—2In7—61In(1 + 2?),

Y 423 — 1 6 -2z
Yo 227 o 2
y 2(z* — 1) 1+ 22
Finall , Vit -z 473 — 1 7 12
in = —In7 - :
oy 77(1 4+ 22)8 \2(z* — ) 1+ 22
(b) y= B+
Iny = vbz —4 In(3z + 2),
Y 3 1 5
= =Vhr—-4— 4+ - — In(3 2
y Tl T Bt

3x+ 2 2v/bx — 4.

3. Given f(z) = 5z®— 5z, use differentiation to determine the intervals over which
the function is increasing, decreasing, concave up or concave down. Find the exact
values of both coordinates of all extreme points, inflection points and intercepts.

Solution:
f(z) = 52® — 5a* = 52% (1 — x)(1 + =),

f'(z) = 10z — 202 = 10z (1 — 2z?),

F(z) = 10 — 6022 = 10(1 — 622).
z-intercepts are found from the eqn. f(z) =0: z =0, z = £1.
The z-intercepts are (—1,0), (0,0), (1,0). The y-intercept is (0, 0).
Relative extrema are found from the eqn. f'(z) =0: 2 =0,z = :I:\/g.



Intervals of monotonicity: [ = (—o0,—/3), I = (—/},0), 111 = (0,\/}). 1V =

(\/g, o0). Signs: f'>0in I and I1I; f' <0 in I] and IV. Therefore the critical
points are:

Relative maximum at z = —\/g, y = 5((\/2)2 — (/3" =5(1/2—1/4) =5/4.
Relative minimum at x =0, y = 0.

Again relative maximum at z = \/I, y=5/4.

2
Inflection points are found from the eqn. f"(z) = 0: = = £

Intervals of concativity: I = (—00,~5), II = (=75, 75), 11l = (5,00). Signs:
f"<0inTand ITI (Concavedown); f' > 0 in II (Concave up). When z = 41/+/6,

y =5(1/6 —1/36) = 551 = 2. The inflection points are (—%, 2) and (%, 2).

4. The length of a rectangle is decreasing at a rate of 4 cm/sec while the width is
increasing at a rate of 5 cm/sec.

(a)  Find the rate at which the area of the rectangle is changing when the length
is 30 cm and the width is 20 cm.

Let [ be the length, w the width, A the area. The data given: % = —4 cm/sec,

dt
% — 5 cm/sec. The areais A =1-w. Hence,

dA  dw  dl ,
E—lﬁ—kw@—30-5+20-(—4)—150—80— 70 cm*/sec.

(b)  Find the rate at which the length of the diagonal is changing when the length
is 12 cm and the width is 5 cm.

(a) Let = be the diagonal. Then 2 = /2 4+ w?. Hence,
dz di dw

2228 — 1L 4 9y ™Y
T T
dr _ 1 (,dl dw
dt  z \ dt dt
1 _484+25 —23
- (12-(=4)+5-5) = = .
\/122+52( (=4)+5-5) Jidd+ 25 13 cm/sec

5. Sketch a graph of a function that satisfies all the given conditions. Clearly label
any extreme points, inflection points and asymptotes.

Domain = {z |z # 1}

f0)=1, f(=2)=1, f(=3)=0
fl(=2)=0

f"(x) >0 when z < —3 and when z > 1
f"(x) >0 when -3 <z <1



lim, ,- f(z) = —o0, lim, ,1+ f(z) = +o0

limg , o f(z) = —1, limg o f(z) =0.

Solution. The sketch is not presented here by technical reason. The information
provided should be interpreted as follows:

1. Put the points (0,0), (—2,1) and (—3,0) on the graph.

2. Draw the horizontal asymptotes: y = —1 to the left and y = 0 to the right
(it coincides with the positive direction of the z-axis). Draw the vertical asymptote
z=1.

3. The function has the horizontal tangent at x = —2, which corresponds to one
of the given points: (—2,1). No other critical points exist.

4. The function is concave down up (—oo, —3). Then it is concave up in (—3,1),
and again concave down in (1, 00).

5. Sketch the graph:
As x goes to —oo, the graph approaches the horizontal line y = —1 from above. The
function increases when z < —2. It is concave up when x < —3, then passes through
the inflection point and becomes concave down.
It has relative maximum at (—2,1) and then decreases, approaching the negative
direction of the vertical asymptote as x — 1.
On the other side of the vertical asymptote the function is decreasing, concave up,
and it approaches the the horizontal asymptote y = 0 from above as z goes to +oo.



