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Logistics

• Test 1 day/time:  Mon Feb 9
– Written test on Turing machines, automata/regex, PDA/CFGs, pumping lemmas
– Practice problems are up
– One letter-size double-sided handwritten cheatsheet allowed

• First oral exam: as soon as we finish the next topic 

• Presentation proposals?

• Drills are up, some due Feb 9th . 
– Do the sample drills first!  
– You can do the drills multiple times, but the grade is an average of all attempts

• So if you open it and let it time out, it will add a 0 to your average! 



Practice problems questions?







Do not draw diagrams for Turing machines!  





Questions/comments?





Church-Turing thesis

 Everything  we can call “computable” in any sense 

  of this word  is computable by a Turing machine.   



 Everything  we can call “computable” in any sense 

  of this word  is computable by a Turing machine.

• Is there anything not computable by Turing machines?

• And if so, what do these languages look like? 

   



Turing-recognizable and decidable
languages

• A TM M accepts (recognizes) a language L iff it stops in the state 
𝑞𝑎𝑐𝑐𝑒𝑝𝑡 for all and only strings in L 
– It does not have to stop for strings not in L. 

– If it also stops and rejects for all strings not in L, then M decides L.

• A language 𝐿 is Turing-recognizable iff there exists a Turing machine 𝑀 
recognizing it, that is, ℒ 𝑀 = 𝐿 
– Turing-recognizable is also called recursively enumerable, r.e., semi-decidable 

• A language 𝐿 is decidable iff there exists a Turing machine 𝑀 which 
halts on all inputs such that  ℒ 𝑀 = 𝐿 
– Decidable is also called recursive. 



Review: bijections and countability

• A function 𝑓: 𝐴 → 𝐵 is a bijection iff it is total, one-to-one and onto
– Total: ∀𝑥 ∈ 𝐴 ∃ 𝑦 ∈ 𝐵 𝑓 𝑥 = 𝑦

– One-to-one:  ∀𝑥1,𝑥2 ∈ 𝐴 𝑓 𝑥1 = 𝑓 𝑥2 → 𝑥1 = 𝑥2

– Onto:  ∀𝑦 ∈ 𝑌 ∃𝑥 ∈ 𝑋 𝑓 𝑥 = 𝑦  

– Bijection: (∀𝑥 ∈ 𝐴 ∃!  𝑦 ∈ 𝐵 𝑓(𝑥) = 𝑦) ∧  (∀𝑦 ∈ 𝐵 ∃! 𝑥 ∈ 𝐴 𝑓(𝑥) = 𝑦) 

• A set 𝑆 is countable (countably infinite) iff there is a bijection 𝑓: 𝑆 → ℕ 
– An infinite set which is not countable is called uncountable. 

• Theorem:  An infinite subset of a countable set is countable.
– That is,  if 𝑖𝑚𝑎𝑔𝑒 𝑓 ⊆ ℕ is infinite, then 𝑆 is countable. 

– Only need to show that 𝑓 is total and one-to-one. 



Lemma: Any Turing machine can be encoded as a binary string 
– We will use the notation ⟨M⟩ to mean a binary string encoding 𝑀
– Proof skipped 

• Any encoding would do, as long as we use the same encoding for all TMs

Theorem: Set of all Turing machines is countable.
Proof:  We will construct a total one-to-one 𝑓 from the set of all TMs to ℕ.

– For a  TM 𝑀, define 𝑓 𝑀 = 1⟨𝑀⟩   
– 1⟨𝑀⟩  is a binary string starting with 1, and so represents a natural number.

• And there are infinitely many TMs: can always add another state. 

– 𝑓 is total:  for every 𝑀, there exists ⟨𝑀⟩  by the lemma above,  and so 1⟨𝑀⟩ 
– 𝑓 is one-to-one:   for different TMs,  their encodings and so 1 𝑀  are different.  



• Theorem: Set of all languages is uncountable.

– Here,  we’ll prove it for languages over 0,1 ∗. 

– Same argument for any Σ

• Proof: by diagonalization (next slide) 

• Corollary:  There exists a language 𝐿 not computable     
by any TM 

– In fact, there are uncountably many such languages! 

• Definition: 

– A language 𝐿 is undecidable if no Turing machine decides it.  

– It is not Turing-recognizable if no Turing machine recognizes it. 
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Diagonalization

– Let A={a,b,c}.  P 𝐴 = {∅, 𝑎 , 𝑏 , 𝑐 , 𝑎, 𝑏 , 𝑎, 𝑐 , 𝑏, 𝑐 , 𝑎, 𝑏, 𝑐 } 

– Let’s show that |A| < |P 𝐴 |
• Imagine that someone is trying to convince you that |A| = |P 𝐴 |. Then they should 

give you a bijection 𝑓: 𝐴 → P 𝐴

– That is, give you 𝑆1, 𝑆2, 𝑆3 ∈ P 𝐴  such that  𝑓 𝑎 = 𝑆1, 𝑓 𝑏 = 𝑆2, 𝑓 𝑐 = 𝑆3 
and there is nothing in P 𝐴  except 𝑆1, 𝑆2, 𝑆3.  

• Say they gave you 𝑆1 = 𝑎 , 𝑆2 = 𝑏, 𝑐  and 𝑆3 = ∅. Here is how 
you can construct a set in P 𝐴  which is not in the list 𝑆1, 𝑆2, 𝑆3.

–Make a table with rows marked by elements of A 

– To represent a set 𝑆 ∈ P 𝐴 , use its characteristic string:  say 
for every element of the universe of S, A, if it is in S or not.

𝒂 b c

𝑓 𝑎 = 𝑆1 1 0 0

𝑓 𝑏 = 𝑆2 0 1 1

𝑓 𝑐 = 𝑆3 0 0 0



• Say they gave you 𝑆1 = 𝑎 , 𝑆2 = 𝑏, 𝑐  and 𝑆3 = ∅. Here is how you 
can construct a set in P 𝐴  which is not in the list 𝑆1, 𝑆2, 𝑆3.

– Make a table with rows marked by elements of A 

– To represent a set 𝑆 ∈ P 𝐴 , use its characteristic string:  say for 

every element of the universe of S, A, if it is in S or not.

• Now, the diagonal set is D={c} is in P 𝐴 ,  but it is not one of 𝑆1, 𝑆2, 𝑆3.

• Therefore, 𝑓 cannot be a bijection! And this works for any 𝑆1, 𝑆2, 𝑆3.

Diagonalization

– Let A={a,b,c}.  P 𝐴 = {∅, 𝑎 , 𝑏 , 𝑐 , 𝑎, 𝑏 , 𝑎, 𝑐 , 𝑏, 𝑐 , 𝑎, 𝑏, 𝑐 } 

– Let’s show that |A| < |P 𝐴 |
• Imagine that someone is trying to convince you that |A| = |P 𝐴 |. Then they should 

give you a bijection 𝑓: 𝐴 → P 𝐴

– That is, give you 𝑆1, 𝑆2, 𝑆3 ∈ P 𝐴  such that  𝑓 𝑎 = 𝑆1, 𝑓 𝑏 = 𝑆2, 𝑓 𝑐 = 𝑆3 
and there is nothing in P 𝐴  except 𝑆1, 𝑆2, 𝑆3.  

𝒂 b c

𝑓 𝑎 = 𝑆1 1 0 0

𝑓 𝑏 = 𝑆2 0 1 1

𝑓 𝑐 = 𝑆3 0 0 0

D 0 0 1



• Theorem: Set of all languages is uncountable.
– Here,  we’ll prove it for languages over 0,1 ∗. Same argument for any Σ

• Proof: by diagonalization 
𝝀 0 1 00 01 … 𝒔𝒌

𝐿1 yes yes no yes yes …

𝐿2 yes no yes no yes …

𝐿3 no no no no no …

…

𝐿𝑘 no yes yes no yes … yes …

…

D no yes yes … … … no …

– Encode each language L by its  infinite 
characteristic string
• List strings in string order (shortlex) 

– First, order by increasing length

– Within each length, in lexicographic order

• Put “yes” if string 𝑠 ∈ 𝐿,  “no” if 𝑠 ∉ 𝐿 

– Let the language D  be:  {𝑠𝑖 | 𝑠𝑖 ∉ 𝐿𝑖}

– If D were in the list, e.g.  𝐿𝑘, contradiction:
• It would have to differ from itself in 𝑘𝑡ℎ place.  



• Lemma: Any Turing machine can be encoded as a binary string 
– We will use the notation ⟨M⟩ to mean a binary string encoding 𝑀

• Theorem: Set of all Turing machines is countable.
– Proof: match encodings of TMs to binary numbers

• Theorem: Set of all languages is uncountable.
– Proof: by diagonalization

• Corollary:  There exists a language not recognizable by any TM 
– In fact, there are uncountably many such languages! 

• Definition: 
– A language 𝐿 is undecidable if no Turing machine decides it.  

– It is not Turing-recognizable if no Turing machine recognizes it. 
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