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Logistics

• Test 1 day/time? 
– Written test on Turing machines, automata and todays’ (maybe Monday’s) material

• Theory reading group
– From next week Monday 1pm, in the seminar room EN-2022 

• Drills are up 
– You can do Turing machines and regular expressions drills by now

– Do the sample drills first!  

– You can do the drills multiple times, but the grade is an average of all attempts
• So if you open it and let it time out, it will add a 0 to your average! 



Questions/comments?



Structure of regular languages

• If a language is finite, it must be regular 

– Just make DFAs for every string in the language and take their union. 

• What kind of structure do infinite regular languages have? 

– Hint:  the only regular operation that can create an infinite language 
out of a finite one is the Kleene star. 
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Pumping lemma for regular languages

• Pumping lemma:  If 𝐿 is a regular language, then there exists a 
number 𝑝 (pumping length) such that  every string 𝑠 with 𝑠 ≥ 𝑝 
can be written as a concatenation of strings 𝑥, 𝑦, 𝑧 (𝑠 = 𝑥𝑦𝑧) where
1. For each 𝑖 ≥ 0, string 𝑥𝑦𝑖𝑧 ∈ 𝐿 

• 𝑦𝑖 is 𝑦𝑦𝑦𝑦 … 𝑦 written  𝑖 times.  𝑦0 = 𝜆 

2. 𝑦 > 0 
3. 𝑥𝑦 ≤ 𝑝 

Writing the statement with quantifiers:  
∃𝑝 ∈ ℕ ∀𝑠 ∈ 𝐿 ( 𝑠 ≥ 𝑝 → 
                    ∃𝑥, 𝑦, 𝑧 𝑠 = 𝑥𝑦𝑧 ∧ ∀𝑖 𝑥𝑦𝑖𝑧 ∈ 𝐿 ∧ 𝑦 > 0 ∧ 𝑥𝑦 ≤ 𝑝) 



Pumping Lemma:  If 𝐿 is a regular language, then there exists a number 𝑝 (pumping length) 
such that  every string 𝑠 with 𝑠 ≥ 𝑝 can be written as a concatenation of strings 𝑥, 𝑦, 𝑧 (𝑠 =
𝑥𝑦𝑧) where

1. For each 𝑖 ≥ 0, string 𝑥𝑦𝑖𝑧 ∈ 𝐿 
2. 𝑦 > 0 
3. 𝑥𝑦 ≤ 𝑝 

Proof: If 𝐿 is regular, some DFA 𝐷 recognizes it. 
• Let 𝑝 = |𝑄| be the number of states in 𝐷.  

– Let 𝑠 ∈ L be a string with 𝑠 ≥ 𝑝.  



Pumping lemma:  If 𝐿 is a regular language, then there exists a number 𝑝 (pumping length) such that  
every string 𝑠 with 𝑠 ≥ 𝑝 can be written as a concatenation of strings 𝑥, 𝑦, 𝑧 (𝑠 = 𝑥𝑦𝑧) where

1. For each 𝑖 ≥ 0, string 𝑥𝑦𝑖𝑧 ∈ 𝐿 

2. 𝑦 > 0 

3. 𝑥𝑦 ≤ 𝑝 

Proof: If 𝐿 is regular, some DFA 𝐷 recognizes it. 

• Let 𝑝 = |𝑄| be the number of states in 𝐷.  
– Let 𝑠 ∈ L be a string with 𝑠 ≥ 𝑝.  The computation of 𝐷 on 𝑠 consists of 𝑝 

transitions, and so 𝑝 + 1 state names (including the initial state). 

– As there are only 𝑝 states in 𝐷, at least one state occurs twice in this 
computation.   Let’s say state  𝑞 is the state that repeats first, and it occurs at 
steps 𝑖 and then 𝑗. 
• That means there is a loop in 𝐷 starting and ending at 𝑞. 

• All states from the start to one at step 𝑗 − 1 are different. 

– Take 𝑥 to be the part of 𝑠 processed before getting to step 𝑖, 𝑦 to be part of 𝑠 
processed between steps 𝑖 and 𝑗, and 𝑧 from 𝑗 to the end of 𝑠. 



Pumping lemma:  If 𝐿 is a regular language, then there exists a number 𝑝 (pumping length) such that  every string 𝑠 with 𝑠 ≥ 𝑝 can be 
written as a concatenation of strings 𝑥, 𝑦, 𝑧 (𝑠 = 𝑥𝑦𝑧) where

1. For each 𝑖 ≥ 0, string 𝑥𝑦𝑖𝑧 ∈ 𝐿 
2. 𝑦 > 0 
3. 𝑥𝑦 ≤ 𝑝 

Proof: If 𝐿 is regular, some DFA 𝐷 recognizes it. 
• Let 𝑝 = |𝑄| be the number of states in 𝐷.  

– Let 𝑠 ∈ L be a string with 𝑠 ≥ 𝑝.  The computation of 𝐷 on 𝑠 consists of 𝑝 transitions, and so 𝑝 + 1 
state names (including the initial state). 

– As there are only 𝑝 states in 𝐷, at least one state occurs twice in this computation.   Let’s say state  𝑞 
is the state that repeats first, and it occurs at steps 𝑖 and then 𝑗. 
• That means there is a loop in 𝐷 starting and ending at 𝑞. 
• All states from the start to one at step 𝑗 − 1 are different. 

– Take 𝑥 to be the part of 𝑠 processed before getting to step 𝑖, 𝑦 to be part of 𝑠 processed between 
steps 𝑖 and 𝑗, and 𝑧 from 𝑗 to the end of 𝑠. 

• 1:  Now, 𝑥𝑦𝑖𝑧 ∈ 𝐿 since the same sequence of states without steps 𝑖 to 𝑗 − 1 is accepting, and 
so is a sequence with steps 𝑖 to 𝑗 − 1 repeated several times 
– As this is a DFA, 𝐷 will always go through the same sequence of states starting from 𝑞 on a 𝑦. 

• 2: Since 𝐷 is a DFA, there is at least one symbol of 𝑠 read between steps 𝑖 and 𝑗, so 𝑦 > 0
• 3:  Since all states until the first repetition of 𝑞 are different, 𝑥𝑦 ≤ 𝑝



Pumping lemma:  If 𝐿 is a regular language, then there exists a number 𝑝 (pumping length) such that  every string 𝑠 with 𝑠 ≥ 𝑝 can be 
written as a concatenation of strings 𝑥, 𝑦, 𝑧 (𝑠 = 𝑥𝑦𝑧) where

1. For each 𝑖 ≥ 0, string 𝑥𝑦𝑖𝑧 ∈ 𝐿 
2. 𝑦 > 0 
3. 𝑥𝑦 ≤ 𝑝 

Proof: If 𝐿 is regular, some DFA 𝐷 recognizes it. 
• Let 𝑝 = |𝑄| be the number of states in 𝐷.  

– Let 𝑠 ∈ L be a string with 𝑠 ≥ 𝑝.  The computation of 𝐷 on 𝑠 consists of 𝑝 transitions, and so 𝑝 + 1 
state names (including the initial state). 

– Take 𝑥 to be the part of 𝑠 processed before getting to step 𝑖, 𝑦 to be part of 𝑠 processed between 
steps 𝑖 and 𝑗, and 𝑧 from 𝑗 to the end of 𝑠. 

• 1:  Now, 𝑥𝑦𝑖𝑧 ∈ 𝐿 since the same sequence of states without steps 𝑖 to 𝑗 − 1 is accepting, and 
so is a sequence with steps 𝑖 to 𝑗 − 1 repeated several times 
– As this is a DFA, 𝐷 will always go through the same sequence of states starting from 𝑞 on a 𝑦. 

• 2: Since 𝐷 is a DFA, there is at least one symbol of 𝑠 read between steps 𝑖 and 𝑗, so 𝑦 > 0
• 3:  Since all states until the first repetition of 𝑞 are different, 𝑥𝑦 ≤ 𝑝





Proving that a language is not regular. 

• Pumping lemma:   

∃𝑝 ∈ ℕ ∀𝑠 ∈ 𝐿 ( 𝑠 ≥ 𝑝 → 

                    ∃𝑥, 𝑦, 𝑧 𝑠 = 𝑥𝑦𝑧 ∧ ∀𝑖 𝑥𝑦𝑖𝑧 ∈ 𝐿 ∧ 𝑦 > 0 ∧ 𝑥𝑦 ≤ 𝑝) 

• Let’s take a contrapositive: 

If  ¬ (∃𝑝 ∈ ℕ ∀𝑠 ∈ 𝐿 ( 𝑠 ≥ 𝑝 → 

                    ∃𝑥, 𝑦, 𝑧 𝑠 = 𝑥𝑦𝑧 ∧ ∀𝑖 𝑥𝑦𝑖𝑧 ∈ 𝐿 ∧ 𝑦 > 0 ∧ 𝑥𝑦 ≤ 𝑝) ) 
then 𝐿 is not regular. 

 



• Pumping lemma: if 𝐿 is regular, then     
∃𝑝 ∈ ℕ ∀𝑠 ∈ 𝐿 ( 𝑠 ≥ 𝑝 → 
                    ∃𝑥, 𝑦, 𝑧 𝑠 = 𝑥𝑦𝑧 ∧ ∀𝑖 𝑥𝑦𝑖𝑧 ∈ 𝐿 ∧ 𝑦 > 0 ∧ 𝑥𝑦 ≤ 𝑝) 
•  Let’s take a contrapositive: 
¬ (∃𝑝 ∈ ℕ ∀𝑠 ∈ 𝐿 ( 𝑠 ≥ 𝑝 → ∃𝑥, 𝑦, 𝑧 𝑠 = 𝑥𝑦𝑧 ∧ ∀𝑖 𝑥𝑦𝑖𝑧 ∈ 𝐿 ∧ 𝑦 > 0 ∧ 𝑥𝑦 ≤ 𝑝) )
                           → 𝐿 is not regular 

≡ 

   (∀𝑝 ∈ ℕ ∃ 𝑠 ∈ 𝐿 𝑠 ≥ 𝑝 ∧  ∀ 𝑥, 𝑦, 𝑧 𝑠 ≠ 𝑥𝑦𝑧 ∨ ∃𝑖 𝑥𝑦𝑖𝑧 ∉ 𝐿 ∨ 𝑦 = 0 ∨ 𝑥𝑦 > 𝑝

                           → 𝐿 is not regular 
≡

   (∀𝑝 ∈ ℕ ∃ 𝑠 ∈ 𝐿 ( 𝑠 ≥ 𝑝 ∧  ∀ 𝑥, 𝑦, 𝑧 ( (𝑠 = 𝑥𝑦𝑧 ∧ 𝑦 >  0 ∧ 𝑥𝑦 ≤ 𝑝) → ∃𝑖 𝑥𝑦𝑖𝑧 ∉ 𝐿))
                            → 𝐿 is not regular 

Suppose that for any 𝑝 there is a string  𝑠 ∈ 𝐿 with 𝑠 ≥ 𝑝  so that no matter 
how 𝑠 is split into 𝑥, 𝑦, 𝑧 with 𝑦 > 0 and 𝑥𝑦 ≤ 𝑝,  there is an  𝑖 ≥ 0 such that  
the “pumped” string 𝑥𝑦𝑖𝑧 is not in 𝐿.  Then L is not regular.   



Proving that a language is not regular. 

• Pumping lemma:   Suppose that for any 𝑝 there is a string  𝑠 ∈ 𝐿 
with 𝑠 ≥ 𝑝  so that no matter how 𝑠 is split into 𝑥, 𝑦, 𝑧 with 𝑦 >
0 and 𝑥𝑦 ≤ 𝑝,  there is an  𝑖 ≥ 0 such that  the “pumped” string 
𝑥𝑦𝑖𝑧 is not in 𝐿.  Then L is not regular.

– To prove that L is not regular 

– We pick a string 𝑠 ∈ 𝐿 that depends on a parameter 𝑝

– Show that for any split of s in 𝑥, 𝑦, 𝑧 with 𝑦 > 0 and 𝑥𝑦 ≤ 𝑝,  there is an 
𝑖 ≥ 0 with 𝑥𝑦𝑖𝑧 ∉ 𝐿



• Pumping lemma:   Suppose that for any 𝑝 there is a string  𝑠 ∈ 𝐿 with 𝑠 ≥ 𝑝  so 
that no matter how 𝑠 is split into 𝑥, 𝑦, 𝑧 with 𝑦 > 0 and 𝑥𝑦 ≤ 𝑝,  there is an  𝑖 ≥
0 such that  the “pumped” string 𝑥𝑦𝑖𝑧 is not in 𝐿.  Then L is not regular.
– To prove that L is not regular 

– We pick a string 𝑠 ∈ 𝐿 that depends on a parameter 𝑝

– Show that for any split of s in 𝑥, 𝑦, 𝑧 with 𝑦 > 0 and 𝑥𝑦 ≤ 𝑝,  there is an 𝑖 ≥ 0 with 𝑥𝑦𝑖𝑧 ∉ 𝐿

• Example:  0𝑛1𝑛 𝑛 ≥ 0 } 
– Consider a string 0𝑝1𝑝. 

– Let 𝑠 = 𝑥𝑦𝑧, with 𝑦 > 0
• Then 𝑦 consists of either only 0𝑠, or only 1𝑠, or 0s followed by 1s. 

• In the first two cases, repeating or removing 𝑦 changes only the number of one of symbols, 
but not the other.  So get something not in 𝐿

• In the last case, repeating 𝑦 results in 0s after 1s.   Also not in 𝐿

– Using 𝑥𝑦 ≤ 𝑝 condition,  get that 𝑦 must consist of just 0s, so only need the first case.



– To prove that L is not regular 

– We pick a string 𝑠 ∈ 𝐿 that depends on a parameter 𝑝

– Show that for any split of s in 𝑥, 𝑦, 𝑧 such that 𝑦 > 0 and 𝑥𝑦 ≤ 𝑝,  there 
is an 𝑖 ≥ 0 with 𝑥𝑦𝑖𝑧 ∉ 𝐿

• Example:  𝑤𝑤 𝑤 ∈ 0,1 ∗ } 

– Consider a string 0𝑝10𝑝1. 

– Let 𝑠 = 𝑥𝑦𝑧, with 𝑦 > 0

• Using 𝑥𝑦 ≤ 𝑝 condition,  get that 𝑦 must consist of just 0s

• Then 𝑥𝑦𝑖𝑧 would have extra 0s  in the first part (or fewer if 𝑖 = 0)

– Note:  not every string works!  A string 01 2𝑝 can be pumped 

• take 𝑦 = 0101, 𝑥 = 𝜆, 𝑧 = 01 2𝑝−2. 





 These non-regular languages seem simple! 

• Can we characterize languages like {0𝑛1𝑛} in a similar 
way to regular languages? 

   



Pushdown automata: NFA+stack
• Pushdown automaton (PDA): 

– Input alphabet Σ
– Stack alphabet Γ
– Set of states Q

• Start state 𝑞0 ∈ 𝑄 
• Set of final (accepting) states 𝐹 ⊆ 𝑄 

– Transition function 𝛿: 𝑄 × (Σ ∪ 𝜀 ) × (Γ ∪ 𝜀 ) → 𝒫(𝑄 × (Γ ∪ 𝜀 ))

• Computation of a PDA 𝑀 on a string 𝑤 = 𝑤1 … 𝑤𝑛:
– On each step 𝑀 reads a symbol from the input, pops a symbol off the stack 

and then changes state and pushes a symbol on the stack
• In all three of read, pop, push,  the “symbol” may be empty, that is, 𝜀. 
• Popping an empty stack, in particular, always returns 𝜀

– 𝑀 accepts 𝑤 if there exist sequences of  states 𝑟0 … 𝑟𝑚 and  stack content 
strings 𝑠0 … 𝑠𝑚 with 𝑚 ≥ 𝑛, 𝑟0 = 𝑞0, 𝑠0 = 𝜆, 𝑟𝑚 ∈ 𝐹 and all intermediate 
states and stacks computed correctly. 



Pushdown automata: NFA+stack
• Pushdown automaton (PDA):  (Σ, Γ,Q 𝑞0, F, 𝛿) 

– 𝛿: 𝑄 × (Σ ∪ 𝜀 ) × (Γ ∪ 𝜀 ) → 𝒫(𝑄 × (Γ ∪ 𝜀 ))

• Example:  recognizing 0𝑛1𝑛

– Idea: put all 0s on stack, then match them with 1s. 



Pushdown automata: NFA+stack
• Pushdown automaton (PDA):  (Σ, Γ,Q 𝑞0, F, 𝛿) 

– 𝛿: 𝑄 × (Σ ∪ 𝜀 ) × (Γ ∪ 𝜀 ) → 𝒫(𝑄 × (Γ ∪ 𝜀 ))

• Example:  recognizing 0𝑛1𝑛

– Idea: put all 0s on stack, then match them with 1s. 



Pushdown automata: NFA+stack
• Pushdown automaton (PDA):  (Σ, Γ,Q 𝑞0, F, 𝛿) 

– 𝛿: 𝑄 × (Σ ∪ 𝜀 ) × (Γ ∪ 𝜀 ) → 𝒫(𝑄 × (Γ ∪ 𝜀 ))

• Example:  recognizing 𝑎𝑖𝑏𝑗𝑐𝑘|𝑖 = 𝑗 𝑜𝑟 𝑖 = 𝑘
– Similar, with 𝜀-arrows to choose between matching b’s or c’s to a’s.

• Need non-determinism here!  
– Can prove that deterministic PDAs cannot recognize this language.



Puzzle

• Are the following English sentences built the same way?

 

– Time flies like an arrow. 

– Fruit flies like an apple. 



Grammars

• Remember that sets of strings are called languages. 

• A type of recursive definition of a language is called a grammar.  

• Different natural languages also 

    have different  grammars!
– English:  Subject/Verb/Object

– Japanese: Subject/Object/Verb 

– Gaelic:  Verb/Subject/Object

– Ukrainian: order does not matter  



Formal grammars: Noam Chomsky

• Generative grammar:  describes how to generate strings in a language
– Similar idea to regular expressions. 

– Also called rewriting system 

• Chomsky’s grammars: 
– Alphabet Σ (called “terminals”) 

– A set finite set 𝑉 of variables (also called “non-terminals”) 
• usually denoted by capital letters

– A special start variable 𝑆 ∈ 𝑉 

– A set of  production rules 𝑅 
• Each rule is of the form  𝑠𝑡𝑟𝑖𝑛𝑔𝑙𝑒𝑓𝑡 → 𝑠𝑡𝑟𝑖𝑛𝑔𝑟𝑖𝑔ℎ𝑡, where 𝑠𝑡𝑟𝑖𝑛𝑔𝑙𝑒𝑓𝑡 , 𝑠𝑡𝑟𝑖𝑛𝑔𝑟𝑖𝑔ℎ𝑡 ∈ Σ ∪ 𝑉 ∗ 

• With an additional requirement that 𝑠𝑡𝑟𝑖𝑛𝑔𝑙𝑒𝑓𝑡 contains at least one variable symbol
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