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Announcements

 Complexity drill due Thu Mar 20

e Two more tests left:

— Oral exam on NP-completeness: Mon Mar 23
* Practice problems are posted
* Sign up by Friday before

— Written exam on all the material we covered in the course.
e Fri Mar 27t In class

* Presentations in class:

— Mar 30 and Apr 1, please sign up for your preferred day
— All slides due Sun Mar 29t



Questions/comments?



Proving NP-completeness: template.

Goal: show that a language L is NP-complete.
1. ShowthatL' € NP
—  Explain what potential solutions are and how to check them efficiently.
—  Thatis, explain what y and Rare in L = {x|3y |y| < poly(|x|) AR(x,y)},
— and why vy is short and R is polytime computable.
2. Show that L ‘is NP-hard
—  Pick a problem L we have showed to be NP-complete already.

—  Showl <, L'
a)  Construct a polytime reduction f from Lto L, —
- thatis, describe how to get x" = f(x) for each x
» Important: f cannot determine whether x € L! ol f
b)  Show correctness: two directions.
L = Given a solution y to x, construct a solution y' to f(x)
iI. < Given a solution y' to f(x), reconstruct a solution y to x
» This applies only to x" = f(x), not arbitrary element of L! . f
c) Explain briefly why f is polynomial-time computable ‘\to
— 4




Independent Set is NP-complete.

— Exact3SAT = {p|¢ is a satisfiable CNF formula with 3 literals per clause} [ ) 4 )
* Exercise: show that 3SAT <, Exact3SAT f
* Notation: n is the number of variables and m is the number of clauses
— IndSet: {(G,k) | graph G has an independent set S st |S| > k} [©
* Theorem: IndSet is NP-complete. f
— IndSet is in NP: shown before.
* Potential solution: set S of vertices. * By % )

 Verify: that |[S| = k,and Vv €S —E(u,v)
— Checking |S|? edges takes time O(|S|?%)
— IndSet is NP-hard: we will show that Exact3SAT <, IndSet

« Want: a polytime function f that, given any formula ¢, constructs a pair (G, k') such
that a satisfying assignment to ¢ corresponds to an independent set in G’ of size k', and
from any independent set of size k' in G’, can recover a satisfying assignment to ¢.

— If ¢ is not satisfiable, there should be no size k' independent sets in G'.
— f does not know if @ is satisfiable!



» Exact3SAT = {@|¢ is a satisfiable CNF formula with 3 literals per clause}
— Notation: n is the number of variables and m is the number of clauses
 IndSet: {(G,k) | graph G has an independent set S st |S| = k}

— IndSet is NP-hard: we will show that Exact3SAT <y IndSet

e Want: a polytime function f that, given ¢, constructs a pair (G', k') ( N 4 )
s.t. @ is satisfiable iff there is an ind. set in G’ of size k'. f
— |ldea: if @ is satisfiable by some assighment a, ... a,, then ever
clause hgaDs a literal set toytrue by thi?assignmént. " ! Q
* Construction: . f
— Set k' = m, the number of clauses in ¢
— The vertices of G’ are all occurrences of literals in @ " Ny %. 4
» Thatis, |V'| = 3m 0 = (mxy VX V x5)
— For each clause in ¢, create a triangle on vertices labeled by A (x1 V=%, V X3)
literals in that clause A (22 VX V Xy
» This will ensure that each clause can contribute at most one flp) = (G k'),

vertex to the independent set. where k' = 3 and G’ is:

— Finally, for each pair of contradictory literals (a variable and its NG g2 QX1
negation), put an edge between them. M



* IndSet is NP-hard: we will show that Exact3SAT <, IndSet © = (=% V Xy VX3)

— Construction: A (xq V=X, V X3) X1 X2 X1
» Setk’= rT1, the nu’mber of clauses in ¢ . . A (=1 V Xp V =Xy)
» The vertices of G" are all occurrences of literals in ¢
» For each clause in ¢, create a triangle PR
» Connect every pair of contradictory literals. f(hQD) k'<G ’g z 4G & £ 1 X3 2

* Correctness: where K° = 5 an is:

— = Suppose a; ... a, is a satisfying assignment to ¢.

» Pick, for every clause, one literal satisfied by this assignment. We will show that the s ™

set of corresponding vertices forms an independent set S of sizek’ = m in G’
» S contains one vertex for every clause, so |S| =k

» It cannot be that some variable x is set to true in one clause and —x is set to true in
another. So there can be no edges between variables picked from different clauses,
and therefore S is an independent set.

— & Suppose S is an independent set of size k' in G'. Let’s recover a satisfying assignment
for ¢ from S.
» For every vertexin S, if it comes from a negated variable, set that variable to false,

otherwise to true.

* Since Sis an independent set, and there are edges between contradictory literals, we will never
try to set both a variable and its negation to the same value.

» It might be that not all variables occur in S. That’s OK: just set remaining variables
arbitrarily (eg, all to false).

» The resulting assignment satisfies @ since in every clause there is a true literal

* Polytime: fis computable in polytime since it only creates polynomially many vertices and
edges, and each follows immediately from the description of ¢.

»

f

< (G, k') & IndSet
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CLIQUE is NP-complete.

— IndSet: {{G,k) | graph G has an independent set S st |S| = k}

e Corollary: CLIQUE is NP-complete.

— CLIQUE is in NP: shown before.
* Potential solution: set S of vertices.
* Check: that |[S| = k,andVv €S E(u,v)
— Checking |S|# edges takes time O(]S|?)
— CLIQUE is NP-hard:
* We just proved that IndSet is NP-complete
* And we showed earlier that IndSet <, CLIQUE
— By transitivity of reductions, that means that CLIQUE is also NP-hard.
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