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Intro to Theory of Computation
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Logistics

• Classes back to 50 minutes
– Except Fridays still till 4-5:15

• First oral exam: as soon as we finish the next topic 
– Mon Mar 2nd : please fill the survey for times by next class! 

• Mar 3rd is the drop date, better to do it before then. 

– Practice problems posted

• Presentation proposals? To say which topic you picked. Mar 4th?
– Submit into the assignment folder (just the name and preferred date/place) 
– About 30 (50?) minutes intro to a topic in complexity (or computability)

• In the reading group on in class? 
• Like Jordan’s intro to Kolmogorov complexity, but shorter

– Quantum computing, proof complexity, fine-grained complexity, circuit complexity, communication 
complexity, pseudorandomness, etc… 









Questions/comments?



Defining languages in terms of computations

– Recall: a computation of a TM is a sequence of configurations  C = (𝐶0, 𝐶1, 𝐶2, … )
– If the last configuration has 𝑞𝑎/𝑞𝑟 , call it accepting/rejecting computation.  

• If a computation is either accepting or rejecting, it is halting. 

• A computation is finite (can be encoded as a finite string)  iff it is halting (accepting or rejecting). 
– If a TM M accepts 𝑤, this can be stated  as “∃C  such that C is an accepting computation of M on w”  
– If a TM M does not accept 𝑤,  then “∀C, C is not an accepting computation of M on w”.

• Let predicate 𝐶ℎ𝑒𝑐𝑘𝐴(𝑀, 𝑤, 𝑦) be  true iff 𝑦 encodes an accepting computation of 𝑀 on 𝑤.
• 𝐶ℎ𝑒𝑐𝑘𝑅(𝑀, 𝑤, 𝑦), 𝐶ℎ𝑒𝑐𝑘𝐻(𝑀, 𝑤, 𝑦) for checking for a rejecting/halting computation respectively

– Now,  𝐴𝑇𝑀 = 𝑀, 𝑤 ∃𝑦 𝐶ℎ𝑒𝑐𝑘𝐴 𝑀, 𝑤, 𝑦 }

– Call a predicate 𝑅(𝑥1 … 𝑥𝑘) decidable iff { 𝑥1, … , 𝑥𝑘 ∈ 𝑅 } is decidable.  

• Claim: 𝐶ℎ𝑒𝑐𝑘𝐴 𝑀, 𝑤, 𝑦 , 𝐶ℎ𝑒𝑐𝑘𝑅(𝑀, 𝑤, 𝑦), 𝐶ℎ𝑒𝑐𝑘𝐻(𝑀, 𝑤, 𝑦)  are decidable predicates.



Examples 

• 𝐴𝑇𝑀 = 𝑀, 𝑤 ∃𝑦 𝐶ℎ𝑒𝑐𝑘𝐴 𝑀, 𝑤, 𝑦 }

• 𝐻𝑎𝑙𝑡𝐵 = 𝑀 𝑀 ℎ𝑎𝑙𝑡𝑠 𝑜𝑛 𝜆}
– 𝑀 ∃𝑦 𝐶ℎ𝑒𝑐𝑘𝐻 𝑀, 𝜆, 𝑦 }

• 𝐸𝑇𝑀 = 𝑀  ℒ 𝑀 = ∅} 
– 𝑀 ∀𝑤∀𝑦 ¬𝐶ℎ𝑒𝑐𝑘𝐴 𝑀, 𝑤, 𝑦 }
– 𝐸𝑇𝑀 = 𝑥 𝑥 ≠ 𝑀  } ∪ 𝑀  𝑀 𝑎𝑐𝑐𝑒𝑝𝑡𝑠 𝑠𝑜𝑚𝑒 𝑠𝑡𝑟𝑖𝑛𝑔 𝑤} 

• 𝑥 𝑥 ≠ 𝑀  } ∪ 𝑀 ∃(𝑤, 𝑦)𝐶ℎ𝑒𝑐𝑘𝐴 𝑀, 𝑤, 𝑦 }

• Recall our 𝑀𝐸𝑇𝑀
  iterating over pairs 𝑤, 𝑦 ! 

• 𝐸𝑄𝑇𝑀 = 𝑀1, 𝑀2  ℒ 𝑀1 = ℒ(𝑀2)}

– 𝑀1, 𝑀2  ∀𝑤 ∃𝑦1 𝐶ℎ𝑒𝑐𝑘𝐴 𝑀1, 𝑤, 𝑦1 (∃𝑦2 𝐶ℎ𝑒𝑐𝑘𝐴 𝑀2, 𝑤, 𝑦2 )}

= 𝑀1, 𝑀2  ∀𝑤
∀𝑧1∀𝑧2 ¬𝐶ℎ𝑒𝑐𝑘𝐴 𝑀1, 𝑤, 𝑧1 ∧ ¬𝐶ℎ𝑒𝑐𝑘𝐴 𝑀2, 𝑤, 𝑧2

∨ 
∃𝑦1∃𝑦2 𝐶ℎ𝑒𝑐𝑘𝐴 𝑀1, 𝑤, 𝑦1 ∧ 𝐶ℎ𝑒𝑐𝑘𝐴 𝑀2, 𝑤, 𝑦2  

}

• 𝐴𝐿𝐿𝑇𝑀 = 𝑀  𝑀 𝑎𝑐𝑐𝑒𝑝𝑡𝑠 𝑒𝑣𝑒𝑟𝑦𝑡ℎ𝑖𝑛𝑔} 

co-r.e.r.e.

𝒫 Σ∗

Decidable

e

CFLs

Regular

𝐴𝑇𝑀

𝐸𝑄𝑇𝑀

𝐸𝑇𝑀



Quantifiers and language classes

• Claim:  A language is of the form L = 𝑥 ∃𝑦 𝑅(𝑥, 𝑦)} where 𝑅 is a decidable predicate iff  𝐿 
is Turing-recognizable. 
– ⇒  Design a TM 𝑀𝐿 which checks 𝑅(𝑥, 𝑦) on each 𝑦 in some order

• If 𝑅(𝑥, 𝑦) is true for some 𝑦, accept.  Otherwise 𝑀𝐿  runs forever. 

– ⇐ Suppose 𝐿 is Turing-recognizable.  Then there exists some machine 𝑀𝐿 recognizing 𝐿.  Then 
𝐿 = 𝑥 ∃𝑦 𝐶ℎ𝑒𝑐𝑘𝐴(𝑀𝐿, 𝑥, 𝑦)}

• Corollary: A language is of the form L = 𝑥 ∀𝑦 𝑅(𝑥, 𝑦)} where 𝑅 is a decidable predicate iff  
𝐿 is co-Turing-recognizable. 

– Note that here we are only showing “easiness”:  these claims say nothing about undecidability

•  We are quantifying over potentially infinitely many finite things.
– If can quantify over finitely many finite things, that  is a decidable language.   
– For example, 𝐴𝑇𝑀

𝑏 = 𝑀, 𝑤, 𝑡 𝑀 𝑎𝑐𝑐𝑒𝑝𝑡𝑠 𝑤 𝑖𝑛 𝑡 𝑠𝑡𝑒𝑝𝑠} is decidable.  



∃∀∃
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Arithmetic hierarchy

• Idea:  a level for each # of quantifier alternations 
– Bottom (0th) level:  decidable 
– 1st level:    ∃𝑅, ∀𝑅 where 𝑅 is decidable. 
– 2nd level:  ∃∀𝑅,  ∀∃𝑅 where 𝑅 is decidable.  

• Equivalently,  ∃𝜑, ∀𝜑 where 𝜑 from 1st level with opposite quantifier 

– …  ith  level:  ∃𝜑, ∀𝜑 where 𝜑 is from level i-1
• With opposite quantifiers  

• Each subsequent layer contains all the previous ones. 
– It is possible to prove that each contains languages not appearing below.

• Some languages can be written both as ∃𝑥1𝜑1(𝑥1) and ∀𝑥2𝜑2(𝑥2)  where 
𝜑1 = ∀ … , 𝜑2 = ∃ …  from the previous level. 
– Eg:  𝐿 = 𝑀  𝑀 accepts 0 and loops on 1} =

= 𝑀  ∃𝑦1 𝐶ℎ𝑒𝑐𝑘𝐴 𝑀, 0, 𝑦1 ∧ ∀𝑦2¬𝐶ℎ𝑒𝑐𝑘𝐻(𝑀, 1, 𝑦2)}
   is in both ∀∃ and ∃∀ (though not in ∃, and not in ∀) 

𝒫 Σ∗
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𝐸𝑇𝑀
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𝐴𝑇𝑀



Let predicate 𝐶ℎ𝑒𝑐𝑘𝐴(𝑀, 𝑤, 𝑦) be  true iff 𝑦 encodes an accepting computation of 𝑀 on 𝑤.
– 𝐶ℎ𝑒𝑐𝑘𝑅(𝑀, 𝑤, 𝑦), 𝐶ℎ𝑒𝑐𝑘𝐻(𝑀, 𝑤, 𝑦) for checking a rejecting/halting computation respectively

• 𝐴𝑇𝑀 = 𝑀, 𝑤 ∃𝑦 𝐶ℎ𝑒𝑐𝑘𝐴 𝑀, 𝑤, 𝑦 }

• 𝐻𝑎𝑙𝑡𝐵 = 𝑀 𝑀 ℎ𝑎𝑙𝑡𝑠 𝑜𝑛 𝜆}
– 𝑀 ∃𝑦 𝐶ℎ𝑒𝑐𝑘𝐻 𝑀, 𝜆, 𝑦 }

• 𝐸𝑇𝑀 = 𝑀  ℒ 𝑀 = ∅} 
– 𝑀 ∀𝑤∀𝑦 ¬𝐶ℎ𝑒𝑐𝑘𝐴 𝑀, 𝑤, 𝑦 }
– 𝐸𝑇𝑀 = 𝑥 𝑥 ≠ 𝑀  } ∪ 𝑀  𝑀 𝑎𝑐𝑐𝑒𝑝𝑡𝑠 𝑠𝑜𝑚𝑒 𝑠𝑡𝑟𝑖𝑛𝑔 𝑤} 

• 𝑥 𝑥 ≠ 𝑀  } ∪ 𝑀 ∃(𝑤, 𝑦)𝐶ℎ𝑒𝑐𝑘𝐴 𝑀, 𝑤, 𝑦 }

• Recall our 𝑀𝐸𝑇𝑀
  iterating over pairs 𝑤, 𝑦 ! 

• 𝐸𝑄𝑇𝑀 = 𝑀1, 𝑀2  ℒ 𝑀1 = ℒ(𝑀2)}

– 𝑀1, 𝑀2  ∀𝑤 ∃𝑦1 𝐶ℎ𝑒𝑐𝑘𝐴 𝑀1, 𝑤, 𝑦1 (∃𝑦2 𝐶ℎ𝑒𝑐𝑘𝐴 𝑀2, 𝑤, 𝑦2 )}

= 𝑀1, 𝑀2  ∀𝑤
∀𝑧1∀𝑧2 ¬𝐶ℎ𝑒𝑐𝑘𝐴 𝑀1, 𝑤, 𝑧1 ∧ ¬𝐶ℎ𝑒𝑐𝑘𝐴 𝑀2, 𝑤, 𝑧2

∨ 
∃𝑦1∃𝑦2 𝐶ℎ𝑒𝑐𝑘𝐴 𝑀1, 𝑤, 𝑦1 ∧ 𝐶ℎ𝑒𝑐𝑘𝐴 𝑀2, 𝑤, 𝑦2  

}

• 𝐴𝐿𝐿𝑇𝑀 = 𝑀  𝑀 𝑎𝑐𝑐𝑒𝑝𝑡𝑠 𝑒𝑣𝑒𝑟𝑦𝑡ℎ𝑖𝑛𝑔} 

co-r.e.r.e.
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Quantifiers and language classes

• Claim:  A language is of the form L = 𝑥 ∃𝑦 𝑅(𝑥, 𝑦)} where 𝑅 is a decidable 
predicate iff  𝐿 is Turing-recognizable. 
– ⇒  Design a TM 𝑀𝐿 which checks 𝑅(𝑥, 𝑦) on each 𝑦 in some order

• If 𝑅(𝑥, 𝑦) is true for some 𝑦, accept.  Otherwise 𝑀𝐿  runs forever. 

– ⇐ Suppose 𝐿 is Turing-recognizable.  Then there exists some machine 𝑀𝐿 
recognizing 𝐿.  Then 𝐿 = 𝑥 ∃𝑦 𝐶ℎ𝑒𝑐𝑘𝐴(𝑀𝐿, 𝑥, 𝑦)}

• Corollary: A language is of the form L = 𝑥 ∀𝑦 𝑅(𝑥, 𝑦)} where 𝑅 is a 
decidable predicate iff  𝐿 is co-Turing-recognizable. 

– Note that here we are only showing “easiness”:  these claims say nothing about 
undecidability

•  We are quantifying over potentially infinitely many finite things.
– If can quantify over finitely many finite things, that  is a decidable language.   
– For example, 𝐴𝑇𝑀

𝑏 = 𝑀, 𝑤, 𝑡 𝑀 𝑎𝑐𝑐𝑒𝑝𝑡𝑠 𝑤 𝑖𝑛 𝑡 𝑠𝑡𝑒𝑝𝑠} is decidable.  
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∃∀∃
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Arithmetic hierarchy

• Idea:  a level for each # of quantifier alternations 
– Bottom (0th) level:  decidable 
– 1st level:    ∃𝑅, ∀𝑅 where 𝑅 is decidable. 
– 2nd level:  ∃∀𝑅,  ∀∃𝑅 where 𝑅 is decidable.  

• Equivalently,  ∃𝜑, ∀𝜑 where 𝜑 from 1st level with opposite quantifier 

– …  ith  level:  ∃𝜑, ∀𝜑 where 𝜑 is from level i-1
• With opposite quantifiers  

• Each subsequent layer contains all the previous ones. 
– It is possible to prove that each contains languages not appearing below.

• Some languages can be written both as ∃𝑥1𝜑1(𝑥1) and ∀𝑥2𝜑2(𝑥2)  where 
𝜑1 = ∀ … , 𝜑2 = ∃ …  from the previous level. 
– Eg:  𝐿 = 𝑀  𝑀 accepts 0 and loops on 1} =

= 𝑀  ∃𝑦1 𝐶ℎ𝑒𝑐𝑘𝐴 𝑀, 0, 𝑦1 ∧ ∀𝑦2¬𝐶ℎ𝑒𝑐𝑘𝐻(𝑀, 1, 𝑦2)}
   is in both ∀∃ and ∃∀ (though not in ∃, and not in ∀) 

𝒫 Σ∗
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