COMP 3602

Intro to Theory of Computation

Lecture 13
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Logistics

e (Classes back to 50 minutes
— Except Fridays still till 4-5:15

* First oral exam: as soon as we finish the next topic

— Mon Mar 2" : please fill the survey for times by next class!
* Mar 3 s the drop date, better to do it before then.

— Practice problems posted

* Presentation proposals? To say which topic you picked. Mar 4th?
— Submit into the assignment folder (just the name and preferred date/place)

— About 30 (50?) minutes intro to a topic in complexity (or computability)
* Inthe reading group on in class?
e Like Jordan’s intro to Kolmogorov complexity, but shorter

— Quantum computing, proof complexity, fine-grained complexity, circuit complexity, communication
complexity, pseudorandomness, etc...



1. Prove that the following language is decidable by giving an algorithm to decide it.
L = all NFAs over the alphabet {0,1} which do not accept any string with even number of 0s
Hint: you can use the fact that testing whether a DFA/NFA/PDA accepts nothing is decidable.
2. Prove that the following sets are countable:
a. A set of all integer points in 3D space (that s, all triples of integers).
b. A set of all Turing machines over the alphabet {a,b,c} which accept the empty string.
3. Prove by diagonalization that the set of all languages over the alphabet {a,b,c} which contain the empty string is uncountable. What can
vou conclude from this together with the previous auestion?



4. For each of the following languages, do the following
o Write the language description using quantifiers
o Write the description of the complement of the language
o Determine if the language 1s decidable, undecidable and Turing-recognizable, undecidable and co-Turing-recognizable, or neither

Turing-recognizable nor co-Turing-recognizable, and prove that by constructing Turing machines for easiness proofs, and giving

reductions for hardness proofs.
a.Li={ (M) | M accepts an even-length string}

b. L, = { { M) | the language of M contains only strings starting with 1 }

c. L3 ={{M,w ) | M accepts w without moving to a blank cell}

d.Ly={ (M) | M loops on input "0" or does not accept any string encoding a prime number in binary }
e. Ls={ (M) | M accepts all strings ending in "11" }

f.Lg={ (M) | Mrejects all strings of length at most 3 }

g.L7={{(M|,M, )| exactly one of M|, M, accepts "00" }

h. Lg = { { M) | M accepts infinitely many strings containing a substring "101" }



5. A useless state in a Turing machine, an automaton, or a PDA 1s one that is never entered on any input string. Show that the problem of
determining whether a DFA has a useless state is decidable, whereas determining if a Turing machine has a useless state 1s undecidable.

6. Show that for any two disjoint co-Turing-recognizable languages L and L' there exists a decidable language L" such that L € L" and L
g L”



Questions/comments?



g a0

Defining languages in terms of computationsw

— Recall: a computation of a TM is a sequence of configurations C = (Cy, C1, C5, ...)

— If the last configuration has q,/q,, call it accepting/rejecting computation.
* If a computation is either accepting or rejecting, it is halting.

A computation is finite (can be encoded as a finite string) iff it is halting (accepting or rejecting).
— If a TM M accepts w, this can be stated as “3C such that Cis an accepting computation of M on w”
— If a TM M does not accept w, then “VC, Cis not an accepting computation of M on w”.

* Let predicate Check,(M,w,y) be true iff y encodes an accepting computation of M on w.
* Checkr(M,w,y),Checky(M,w,y) for checking for a rejecting/halting computation respectively

— Now, ATM — {(M; W)|5|y CheCkA(M; w, Y)}

— Call a predicate R(x; ... x;) decidable iff { (x4, ..., xx) € R } is decidable.
* Claim: Check,(M,w,y),Checkr(M,w,y), Checky(M,w,y) are decidable predicates.



Examples

Ary = {(M,w)|3y Check,(M,w, y)}

HaltB = {{M ) | M halts on A}
— {(M)|3y Checky(M, 2, y)}

Ery = {{M)| LIM) = @}
— &’IHVWV}/ —Check,(M,w,y)} :
— Epy ={x|x # (M)} U {(M)| M accepts some string w} Decidable
« {xlx #M)}u {{M)3(w,y)Check,(M,w,y)}

* Recall our Mg, iterating over pairs (w, y)!

EQry = {(My, Mp)| LIM;) = L(M3)}

— {(My, My)| Yw (3y; Check,(My,w,y,)) & (3y, Check,(My,w,¥,))} CFLs
V21VZZ _ICheCkA(Ml, w, Zl) A _ICheCkA(Mz, w, Zz)
= { (M, M3)| Vw \Y } |
y,3y, Check,(My,w,y,) A Check,(M,,w,y,) Regular

ALL7py = {{M)| M accepts everything}



Quantifiers and language classes

Claim: A language is of the form L = {x |3y R(x, y)} where R is a decidable predicate iff L
is Turing-recognizable.

— = Design a TM M; which checks R(x,y) on each y in some order
* If R(x,y) is true for some y, accept. Otherwise M; runs forever.

— & Suppose L is Turing-recognizable. Then there exists some machine M; recognizing L. Then
L = {x|3y Check,(M,;,x,y)}

Corollary: A language is of the form L. = {x |Vy R(x, y)} where R is a decidable predicate iff
L is co-Turing-recognizable.

— Note that here we are only showing “easiness”: these claims say nothing about undecidability

We are quantifying over potentially infinitely many finite things.
— |If can quantify over finitely many finite things, that is a decidable language.
— For example, A2, = {{M,w, t)|M accepts w in t steps} is decidable.



- Arithmetic hierarchy

Idea: a level for each # of quantifier alternations
— Bottom (0™) level: decidable
— 1stlevel: 3R,VR where R is decidable.

— 2 ]evel: AVR, VIR where R is decidable.
* Equivalently, 3¢, V¢ where ¢ from 15 level with opposite quantifier

— ... it level: 3@, Vo where @ is from level i-1
* With opposite quantifiers

Each subsequent layer contains all the previous ones.
— Itis possible to prove that each contains languages not appearing below.

Some languages can be written both as 3x; @1 (x;) and Vx,®,(x,) where
p1=V.., ¢, =3 ... from the previous level.

— Eg: L = {{M)| M accepts 0 and loops on 1} =
= {{(M)| 3y, Check,(M,0,y,) AVy,~Checky(M,1,y,)}
is in both V3 and 3V (though not in 3, and not in V)




Let predicate Check,(M,w, y) be true iff y encodes an accepting computation of M on w.
— Checkg(M,w,y), Checky (M, w,y) for checking a rejecting/halting computation respectively

« Ay = {{M,w)|3y Check,(M,w,y)}

 HaltB = {{(M )| M halts on A}
— {{M)|3y Checky (M, 2,y)}

* Emy ={M)| LIM) = 0}
— {{M)|vwVy —Check,(M,w,y)}
— Ery = {x|lx # (M)}u {{M)| M accepts some string w}

. #= (M) }u {((M)|3(w,y)Check,(M,w, .
E{xlx ( )}_{.( ) _(W y) ef A(M,w,y)} Decidable
ecall our Mg iterating over pairs (w, y)!

* EQrm = {{My, My)| LIMy) = L(M,)}
—  {(My, My)| Yw (3y; Check,(My,w, 1)) & (3y, Checks(My,w,y,))}

VZ]_VZZ _ICheCkA(Ml, w, Zl) 7AN _ICheCkA(Mz, w, Z2)> | CFLS
} I

= { (M, My)| Vw v
dy,3y, Check,(My,w,y;) A Check,(M,,w,y,)

Regular

* ALLpy = {(M)| M accepts everything}



Quantifiers and language classes

Claim: A language is of the form L = {x |3y R(x, y)} where R is a decidable
predicate iff L is Turing-recognizable.
— = Design a TM M; which checks R(x,y) on each y in some order
* If R(x,y) is true for some y, accept. Otherwise M; runs forever.

— & Suppose L is Turing-recognizable. Then there exists some machine M;
recognizing L. Then L = {x|3y Check,(M;,x,y)}

Corollary: A language is of the form L. = {x |Vy R(x,y)} where R is a
decidable predicate iff L is co-Turing-recognizable.

— Note that here we are only showing “easiness”: these claims say nothing about
undecidability

We are quantifying over potentially infinitely many finite things.
— |If can quantify over finitely many finite things, that is a decidable language.
— For example, A2, = {{M,w, t)|M accepts w in t steps} is decidable.

Decidable

CFLs

Regular




- Arithmetic hierarchy

Idea: a level for each # of quantifier alternations
— Bottom (0™) level: decidable
— 1stlevel: 3R,VR where R is decidable.

— 2 ]evel: AVR, VIR where R is decidable.
* Equivalently, 3¢, V¢ where ¢ from 15 level with opposite quantifier

— ... it level: 3@, Vo where @ is from level i-1
* With opposite quantifiers

Each subsequent layer contains all the previous ones.
— Itis possible to prove that each contains languages not appearing below.

Some languages can be written both as 3x; @1 (x;) and Vx,®,(x,) where
p1=V.., ¢, =3 ... from the previous level.

— Eg: L = {{M)| M accepts 0 and loops on 1} =
= {{(M)| 3y, Check,(M,0,y,) AVy,~Checky(M,1,y,)}
is in both V3 and 3V (though not in 3, and not in V)
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