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• When are predicate instances the same? 
– If premises are ∀𝑥 𝑃 𝑥  and ∀𝑦 ¬𝑃 𝑦 , can we resolve  

P(x) with ¬𝑃(𝑦) ?   

• Substitution: a variable name is replaced by another 
variable name or an element of the domain.  
– [Y/X]:  change occurrences of X to Y. 

• [z/x]:  𝑃 𝑥 ∨ 𝑄(𝑥, 𝑦) becomes 𝑃 𝑧 ∨ 𝑄(𝑧, 𝑦)  

– [a/X]: change occurrences of X to  element a.  
• [5/x]:  𝑃 𝑥 ∨ 𝑄(𝑥, 𝑦) becomes 𝑃 5 ∨ 𝑄(5, 𝑦)  

• Unification: doing substitutions so that resolution 
could be applied.  

 
 

 



6 

Unification 
• It is an algorithm for determining the substitutions 

needed to make two predicate logic expressions 
match. 

• A variable cannot be unified with a term 
containing that variable. The test for it is called the 
occurs check. 
– e.g., cannot substitute X for X+Y  in P(𝑋 + 𝑌) 
– Most applicable when rather than having variables we have whole 

expressions (terms) evaluating to elements of the domain.  
• eg:  x+y is a term: when 𝑥,𝑦 ∈ ℤ, 𝑥 + 𝑦 ∈ ℤ.  With terms, can write formulas 

such as 𝑃 𝑥 + 𝑦 ∨ 𝑄(𝑦 − 2) 
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ALGORITHM TO CONVERT TO CLAUSAL FORM (1) 

   1.    Eliminate conditionals →, using the equivalence  
P → Q = ¬P ∨ Q 

e.g, (∃X) (p(X) ∧(∀Y) (f(Y) → h(X,Y))) becomes 
 (∃X) (p(X) ∧(∀Y) (¬f(Y) ∨h(X,Y))) 

2.    Eliminate negations or reduce the scope of  negation to one atom. 
e.g.,  ¬ ¬ P = P 

   ¬(P ∧ Q) = ¬P ∨ ¬Q 
   ¬ (∃ X) p(X) = (∀X) ¬ p(X) 
   ¬ (∀X) p(X) = (∃ X) ¬ p(X) 

   3.   Standardize variables within a well-formed formula so that the bound   
        or dummy  variables of  each quantifier have unique names. 

e.g., (∃ X) ¬ p(X) ∨ (∀ X) p(X) is replaced by 
     (∃ X) ¬ p(X) ∨ (∀Y) p(Y) 
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ALGORITHM TO CONVERT TO CLAUSAL FORM (2)   

4. ADVANCED STEP: if  you have existential quantifiers, eliminate them by 
using Skolem functions, named after the Norwegian logician Thoralf  Skolem. 
    e.g., (∃ X) m(X) is replaced by m(a) 
  (∀ X) (∃ Y) k(X, Y) is replaced by  
  (∀ X) k(X, f(X)) 
5. Convert the formula to prenex form which is a sequence of  quantifiers 
followed by a matrix. 
e.g., (∃X) (p(X) ∧(∀Y) (¬f(Y) ∨h(X,Y))) becomes 
(∀Y) (p(a) ∧ (¬f(Y) ∨h(a,Y))) 
6. Convert the matrix to conjunctive normal form, which is a conjunctive of  
clauses. Each clause is a disjunction. 
e.g., P ∨(Q ∧R) = (P ∨ Q) ∧ (P ∨ R) 
7. Drop the universal quantifiers. 
e.g., the formula above becomes p(a) ∧ (¬f(Y) ∨h(a,Y))   

COMP1002 Class Notes - 
Unification, Edited  By John Shieh 8 



ALGORITHM TO CONVERT TO CLAUSAL FORM (3)   

8. Eliminate the conjunctive signs by writing the formula as a 
set of  clauses 
e.g., p(a) ∧ (¬f(Y) ∨h(a,Y))  becomes  p(a), (¬f(Y) ∨h(a,Y))  
 
9. Rename variables in clauses, if  necessary, so that the same 
variable name is only used in one clause. 
e.g., p(X) ∨ q(X) ∨ k(X,Y)  and ¬p(X) ∨ q(Y)  become 
 p(X) ∨ q(X) ∨ k(X,Y)  and ¬p(X1) ∨ q(Y1)  
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Fig 13.5 One refutation for the “happy student” problem.  
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