COMP 1002

Logic for Computer Scientists

Lecture 20 \




 Arelationis a subset of a Cartesian product of sets.
— If of two sets (set of pairs), call it a binary relation.
— Of 3 sets (set of triples), ternary. Of k sets (set of tuples), k-ary

Relations

- A={11213}; B={a,b} i
« AXB=1{(,a),(1,b),(2,a),(2,b),(3,a),(3,b)} -

« R={(L,a), (2,b),(3,3), (3,b)} is a relation. So is R={(1,b)}. o
— A={1,2}, Graph of R (bipartite)
e AXA ={(1,1),(1,2),(2,1),(2,2)}
 R={(1,1), (2,2)} (all pairs (x,y) where x=y) ‘p ‘@
* R={(1,1),(1,2),(2,2)} (all pairs (x,y) where x < y).
— A=PEOPLE

Graph of {(1,1),(2,2)}
e COUPLES ={(x,y) | Loves(x,y)}

- e PARENTS ={(x,y) | Parent(x,y)}
: . — A=PEOPLE, B=DOGS, C=PLACES
) o WALKS = {(x,y,z) | x walks y in z}

— Jane walks Buddy in Bannerman park.
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7 Types of binary relations

e Abinaryrelation RS A X Ais c&ap

— Reflexive if Vx € 4, R(x, x) R,
e Every x is related to itself.
e Eg. A={1,2}, R, ={(1,1), (2,2), (1,2)}
e On A=7Z, R, = {(x,y)|x = y}is reflexive
 ButnotR; ={(x,y)| x <y}
— Symmetricif Vx,y €A, (x,y) ER e (y,x) ER
* R, and R5 above are not symmetric. R, is.
e A=7Z, R, ={(x,y)|x = y mod 3 } is symmetric.
— Transitiveif Vx,y,z€ A4, (x,y) ERA(y,z) ER - (x,z) ER
* R4, Ry, Rz, R, are all transitive.
e Re ={(x,y)|x,y €EZAx+ 1=y} is not transitive.
e PARENT ={(x,y)|x,y € PEOPLE A x is a parent of y}is not.

* A transitive closure of a relation R is a relation R* = {(x, z)| 3k €
N 3yg, ..., Vi EA (x =y Az=y, AVi€{0,....,k — 1} R(Y;, ¥i+1)}

— That is, can get from x to z following R arrows.
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N Types of binary relations ”

e Abinaryrelation RS A X Ais O—0

— Anti-reflexive if Vx € A, =R(x, x) Graph of {(1,2)}
e R can be neither reflexive nor anti-reflexive.
e E.g. A={1,2}, R, ={(1,2)}
— butnot R; =1{(1,1),(2,2), (1,2)} (reflexive)
— nor R, ={(1,1), (1,2)} (neither)
e ForA =7Z,not R, = {(x,y)|x = y}
— Nor R, = {(x,y)|x = ymod 3}
o But R; = {(x,y)| x < y} is anti-reflexive.
— SoareRs ={(x,y) EZXZ|x+ 1=y}
— And PARENT ={(x,y) € PEOPLE X PEOPLE |x is a parent of y}
— Anti-symmetricif Vx,y € A,(x,y) ERA(y,x) ER—>x =Yy
* R{,R3,Rs,Rs, R7, PARENT are anti-symmetric. R, is not.
* R, is both symmetric and anti-symmetric.
* Rg =1{(1,2),(2,1), (1,3)} is neither symmetric nor anti-symmetric.
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' Equivalence
e Abinaryrelation R € A X A is an equivalence if R is reflexive,
and transitive.
e E.g.A={1,2}, R ={(1,1),(22)}orR = A x A
* Not Ry ={(1,1),(2,2), (1,2)} nor R3 = {(x,y)| x < y} M
e On A=7Z, R, = {(x,y)|x = y}is an equivalence )
 SoisR, ={(x,y)|x = ymod 3} ‘p ‘@
— Reflexive: Vx € Z, x = x mod 3 1 )

— Symmetric:Vx,y €Z, x=ymod3 =y =x mod3
— Transitive: Vx,y,z €Z, x=ymod3A y=z mod3 - x =z mod 3

 An equivalence relation partitions A into equivalence classes:
— Intersection of any two equivalence classes is @
— Union of all equivalence classes is A.
— Ry Z={x|x=0mod3}U{x|x=1mod3}U{x|x =
2 mod 3}

— R = A X A gives rise to a single equivalence class.
R ={(1,1),(2,2)} on A={1,2}to two equivalence classes.
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Partial and total orders

A binary relation R € A X A is an order if R is reflexive, anti-symmetric and
transitive.

— Risatotal orderif Vx,y € A R(x,y) VR(y,x)
* Thatis, every two elements of A are related.
e Eg. Ry ={(x,y)|x,y € ZNx < y}is atotal order.
* Sois alphabetical order of English words.
e ButnotR, ={(x,y)|x,yEZAXx <y}

— not reflexive, so not an order.
— Otherwise, R is a partial order.

 SUBSETS ={(A,B) | A,B are sets A A € B }is a partial order.
— Reflexive: V4, AS A
— Anti-symmetric: VA, B AS BABSA—->A=B '\‘—/

— Transitive: VA,B,C ACBABCS(C->ACC
— Nottotal: if A={1,2} and B ={1,3}, then neither AS BnorB C A
 DIVISORS ={(xy)| x,y ENAx,y =2 ANJdz€ N y = z-x} is a partial order.

* PARENT is not an order. But ANCESTOR would be, if defined so that each person is an ancestor
of themselves. It is a partial order.

An order may have minimal and maximal elements (maybe multiple)
— x € AisminimalinRifVy €A y+ x - =R(y,x)
e and maximalifVy € Ay # x - =R(x,y)

— @ is minimal in SUBSETS (its unigue minimum); universe is maximal (its unique
maximum).

— All primes are minimal in DIVISORS, and there are no maximal elements.
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Hasse diagram

A Hasse diagram is a way to draw a (partial or total)
order (more precisely, its “transitive reduction”:
opposite of transitive closure) without drawing loops
or edges that have to be there by transitivity.

— draw minimal elements on the bottom, and then go up

— don’t draw arrows (assumed arrow direction is always
upwards).

— R={(x,y) €{1,2,3} x {1,2,3}| x < 5}

e Onthe Hasse diagram of R, only draw edges (1,2) and (2,3),
as all the rest follow by reflexivity and transitivity. 1 is the
minimal (bottom), 3 maximal (top).

— SUBSETS ={(A,B) |A,Baresets\ AC B}
* Let universe be {1,2,3}
* Hasse diagram of SUBSETS over {1,2,3}:

of R

Z Hasse
l' diagram

{1,2,3}

T~
{1,2} {1,3} {2,3}
>
{1} {2} {3}
\\/
0



Tower of Hanoi game

e Rules of the game:
— Start with all disks on the first peg.

— At any step, can move a disk to another peg, as long as it is
not placed on top of a smaller disk.

— Goal: move the whole tower onto the second peg.

e Question: how many steps are needed to move the
tower of 8 disks? How about n disks?
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