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Given a sequence A and a regular expression R, the approximate regular expression matching problem is to find a sequence
matching R whose optimal alignment with A is the highest scoring of all such sequences. This paper develops an agorithm
to solve the problem in time O(MN), where M and N are the lengths of A and R. Thus, the time requirement is asymptoti-
cally no worse than for the simpler problem of aligning two fixed sequences. Our method is superior to an earlier algorithm
by Wagner and Seiferas in several ways. Firdt, it treats real-valued costs, in addition to integer costs, with no loss of asymp-
totic efficiency. Second, it requires only O(N) space to deliver just the score of the best alignment. Finaly, its structure per-
mits implementation techniques that make it extremely fast in practice. We extend the method to accommodate gap penal-
ties, as required for typical applications in molecular biology, and further refine it to search for substrings of A that strongly
align with a sequence in R, as required for typical data base searches. We aso show how to deliver an optimal alignment
between A and R in only O(N + log M) space using O(MN log M) time. Findly, an O(MN(M +N) + N2 log N) time
algorithm is presented for alignment scoring schemes where the cost of a gap is an arbitrary increasing function of its length.

1. Introduction. Databases of known DNA and protein sequences have expanded steadily for a number of years and
are now poised for a period of explosive growth. Proper utilization of biosequence data requires efficient methods
to search for sequences that match a given pattern or template. The patterns known as regular expressions have
proven useful in this context (Abarbanel, €. al., 1984; Cohen, €l. al., 1986) and efficient search algorithms for them
are available (Aho, 1980; Miller, 1987). Often, geneticists are interested in approximate, as well as exact, matches.
For example, given a regular expression describing a set of sequences known to form a given activation site, one
may find new sequences by searching for ‘‘close’’ matches to the regular expression.

The problem of comparing sequencesA=a;a, - --ay and B=b;b, - - - by, which isa special case of approx-
imate regular expression matching, has been studied extensively (Sankoff and Kruskal, 1983; Waterman, 1984).
Two formulations of the problem are common. First, one can ask for a highest-scoring alignment of A and B. The
alternative isto seek a minimum-cost set of deletion, insertion, and substitution operations that converts Ato B. The
formulations are ‘*dual’’ in the sense that a method for solving one can be adapted to give a method for solving the
other (Smith, et. al., 1981). This paper is couched in terms of alignments because it is the more popular framework
for applications in molecular biology.

Section 2 reviews the well-known dynamic programming algorithms for optimally aligning a pair of sequences
under two common scoring models. In the column-sum cost model, an alignment’s score is merely the sum of the
scores of its columns (Sankoff and Kruskal, 1983). In the more general model (Gotoh, 1982), an additional penalty
is levied for each ‘‘gap’’ of the alignment. This gap-penalty cost model is appropriate for certain applications in
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biology (Fitch and Smith, 1983) and computer science (Miller and Myers, 1988a; Myers and Miller, 1988a). In
preparation for the paper’s main results, Section 2 describes the alignment algorithms as computing maximum-
scoring source-to-sink pathsin certain weighted and directed edit graphs.

The theory of regular expressions (Hopcroft and Ullman, 1979) is another traditional area that this paper builds
upon. Section 3 reviews regular expressions and their conversion into equivalent non-deterministic finite state
machines. The section also gives the specia properties of the constructed finite state machines that are exploited in
this paper.

The basic problem of comparing two sequences has been generalized in a number of directions. One extension
allows one or both of the sequences to be replaced by a ‘‘directed network’’ (Sankoff and Kruskal, 1983, pp. 265-
274). This problem then extends further to give the approximate regular expression matching problem (Wagner,
1974; Wagner and Seiferas, 1978). The crucia difference between the two extensions is that a directed network is
an acyclic graph, whereas the graph of a finite state machine can have cycles. Thisimplies that the underlying edit
graph models for directed network comparison are acyclic, while those for regular expression comparison are not
necessarily so. Thus, a directed network comparison can still be accomplished in a single O(MN) time sweep of its
edit graph. On other hand, the presence of cycles in a regular expression edit graph lead Wagner and Seiferas
(1978) to compute optimal paths using a discrete version of Dijkstra’s shortest path algorithm. Their approach takes
time O(max(MN, D)) and space O(MN), where M is the length of the sequence, N is the length of the regular
expression, and D is the minimum distance. However, their result requires that the costs of the basic operation are
integers, and the straightforward extension to real-valued costs resultsin an O(MN log MN) time bound. Moreover,
they consider only the column-sum cost model for alignments.

Our approach to approximate regular expression matching is based on the observation that our regular expres-
sion edit graphs posses a special property that alows optimal paths to be computed in a single “‘listing’’ of the
graph’s vertices. Although a vertex may need to be treated more than once, a small number of ‘‘visits’ are
sufficient. In essence, this technique is borrowed from the field of data flow analysis (Hecht, 1977), which is com-
monly used in the generation of efficient machine instruction sequences by a compiler. Section 4 develops the
approach for the column-sum cost model and verifies that it handles arbitrary costs in time O(MN) and, if only the
optimal score isdesired, space O(N). Section 5 extends the technique to the gap-penalty cost model.

Section 6 discusses the database query version of the problem, which requires finding substrings of A, the data-
base, that strongly align with a sequence R, the pattern. This variation raises a number of distinctive algorithmic and
implementation issues. With regard to implementation, we advocate ‘‘compiling’’ the regular expression into a
one-of-a-kind program (Thompson, 1968; Pennello, 1986), rather than following the traditional interpretive
approach (Miller, 1987) of generating data structures that control the actions of a general-purpose program. Such an
approach is possible with our method, and not with that of Wagner and Seiferas, because the order in which vertices
arevisited isknown a priori.

Extensions are outlined in Section 7. Based on the algorithm for computing the optimal score in time O(MN)
and space O(N), we give an O(MN log M)-time, O(N + log M)-space algorithm that delivers a sequence in R and
an alignment between it and A that yields the optimal score. When the regular expression is a directed network, the
time reduces to O(MN), thus generalizing the linear space result of Myers and Miller (1988b) and improving the
space complexity of Sankoff and Kruskal’s (1983, pp. 265-274) result. Finally, we further extend our method to
give an O(MN(M +N) + N? log N)-time, O(N(M + N))-space agorithm for the approximate regular expression
matching problem under scoring schemes where gaps are penalized by an arbitrary increasing function of their
length.

2. Sequence-vs-seguence comparison.

Suppose the sequences under consideration consist of zero or more symbols chosen from an alphabet >. Let ¢, a
unique symbol not in %, denote the sequence of zero symbols. The empty sequence, &, is the identity element with



respect to the concatenation of sequences, i.e., if v and w are sequences, then ve w = ww.

An aligned pair has the form [g] where a, b (= O {€}. An alignment is a sequence of aligned pairs. An
alignment Saligns A and B if A isthe concatenation of upper elements of Sand B is the concatenation of lower ele-
ments. For example, the sequence of four aligned pairs [2] [;] [g] [ ;] aligns pgr and xyz. Thus, the null pair, n

= [g] acts as the identity element for the concatenation of alignments, i.e., if a and (3 are alignments, then an

and af3 are considered equal. Without loss of generality, assume that alignments consist of non-null aligned pairs,
and let n denote the zero-length empty alignment.

Underlying both the column-sum and gap-penalty cost models is a user-specified scoring function o that assigns
areal-valued cost to each possible non-null aligned pair. In the column-sum cost model the score of an aignment S
is simply the sum of the costs of each aligned pair init, i.e.,, Scoreq,(S) = Z{o(1): mis an aligned pair of S}.
Term an aligned pair whose upper entry is € an insertion pair, and one whose lower entry is € a deletion pair. An
insertion gap is a contiguous subsequence of insertion pairs delimited by non-insertion pairs or an end of the align-
ment. A deletion gap is similarly defined, and collectively such blocks are called gaps. For example, the alignment
[f‘(] [;] [g] [;] has an insertion gap of length two and a deletion gap of length one.t Inthe gap-penalty cost model,
the user specifies a fixed gap penalty g > 0 in addition to 0. The score of an aignment Sis its column-sum score
save that each gap is penalized g, i.e., Scoreg,, (S) = Scoregm(S) — gx(number of gapsin S).

For sequences A = a;a, ---ay and B = b, b, - - - by, the column-sum edit graph, H, g, is an edge-labeled
directed graph. The vertices of H, g are the pairs (i, j) where i[O, M] and jO[0, N]. Distinguish © = (0, 0) as
H A g'Ssource vertex, and ® = (M, N) asitssink vertex. The following edges, and only these edges, arein Hp 5.

1. Ifi0[1, M] andjO[0, N], then thereisadeletion edge (i — 1, j) - (i, j) labeled [i']
2. 1fi0[0, M] and jO[1, N], then thereisan insertion edge (i, j—1) - (i, j) labeled [é]
i
3. Ifi0[1, M] andjO[1, N], then there is asubstitution edge (i -1, j—1) - (i, ) labeled [Ef]-
J

Figure 1 provides an example of the construction.

Figurel: H, g for A=aband B = baa.

T Some authors define a gap as a largest contiguous subsequence of insertion or deletion pairs, so that in the example there would be
only one gap of length three. While not treated in this paper, edit graphs and algorithms for this variation can be obtained in afashion
that parallels our treatment.



Let A; denote the i-symbol prefix of A, i.e, Ap =€ and A; = a;a, - -- a; forid[1, M]. Similarly, B; isthe j-
symbol prefix of B. A pathin H, g issaid to spell the alignment obtained by concatenating its edge labels. A path
containing zero edges is assumed to spell n. A basic exercise reveals that each path from © to (i, j) spellsan align-
ment of A; and B;, and a different path spells a different alignment. Thus, there is a one-to-one correspondence
between pathsin H 5 g from © to ® and alignments of A and B.

Our goal is an agorithm that computes an optimal alignment of A and B under the column-sum cost model.
Weight H 5 g by assigning cost o(T) to each edge labeled 1. Note that none of the edges are labeled n in column-
sum edit graphs, so the weighting is well-defined. Moreover, the sum of the weights of a path’s edges is exactly the
sum of the scores of the aligned pairs in its corresponding alignment. Thus the problem reduces to computing a
maximum-weight path from © to ® inH , g asweighted by o.

Because H 5 g isacyclic, amaximum-weight path can be determined in a single pass over its vertices, so long as
they are taken in a topological order, i.e., an ordering of the vertices with the property that every edge is directed
from a vertex to a successor in the ordering. One topological order for H, g’s vertices isto treat the rows in order,
sweeping left to right within arow. Using this vertex ordering, the following procedure computes the score, C(i, j),
of amaximum-weight path from © to each vertex (i, j) whereiJ[0, M] and jO[ 0, NJ.

C(0,0) -0
forj —« 1toNdo

C(0,}) - (0. -1 +o([; ])
fori « 1toMdo
{ ¢(i,0) - c(i-1,0 + o]
forj — 1toNdo
C(i. i) - max(C(i-1,1) + o], €.i=1) + o([§]). Sl -1.-1) + o[, ]}

}
write "Similarity scoreis' C(M, N)

Figure 2: A sequence alignment algorithm for the column-sum cost model.

Now attention is turned to the second algorithm, which accommodates gap penalties. The corresponding gap-
penalty edit graph, HA g, is more complex than before. For each integer pair (i, j) there are three vertices: one of
type C(ommon), one of type D(eletion), and one of type I(nsertion). Specifically, the vertices of Ha g are the pairs:
(i,1)e, (i, J)p, and (i, j), for i[O, M] and jJ[0, N]. Distinguish © = (0, 0)c asHa g’'s source vertex, and ® =
(M, N)¢ asitssink vertex. The following edges, and only these edges, arein Hj .

. 1fi0[1, M] and jO[0, N], then thereisadeletion edge (i — 1, j)p — (i, j)p labeled [i‘]
. 1fi0[1, M] and j [0, NJ, then there is adeletion initiation edge (i - 1, j) ¢ - (i, j) p labeled [i‘]
. Ifi0[0, M] andjI[ 1, N], then there s an insertion edge (i, | ~1), — (i, |), labeled [ £ ].

j

. 1fi0[1, M] and jO[ 1, N], then there is a substitution edge (i =1, j—1)c — (i, j) ¢ labeled [g']
J

1
2
3
4. 1fi00[0, M] and jO[1, N], then thereisan insertion initiation edge (i, j—1)¢c - (i, j), labeled [;J]
5
6. Ifid[0, M]andjOd[0, N], thenthereisanull edge (i, j)p - (i, j)c labeled n.

7

. 1fid[0, M] andjO[0, N], then thereisanull edge (i, j), - (i, j) c l1abeled n.



Note that the D-vertices in row O and the I-vertices in column O are not reachable from ©. Figure 3 illustrates
Hab baa- All edge not annotated are null edges labeled ).

Figure3: Ha g for A=aband B = baa.

Since n isthe identity for alignment concatenation, a path in HA g may be thought of as spelling the alignment
obtained by concatenating its non-null labels. As with H, g, each path from © to (i, j)c spells an aignment
between A; and B;, and every such alignment is spelled by some path. This follows easily since for every edge
v w labeled tin Hp g, thereisapath in Ha g from v to we spelling . However, there may be many paths to
(i, j) ¢ spelling the same alignment. So the correspondence is not one-to-one in this framework unless one restricts
attention to a canonical subset of the paths. A path is normal if and only if it does not contain subpaths of the form
(-1, Dp->0-2,Dc-(,))por(i,j-1), - (i,j=1D)c~(, ). An exercise, not proven here, shows that
alignments between A; and B; are in one-to-one correspondence with normal paths from © to (i, j).

Ha g isweighted as follows. Deletion initiation and insertion initiation edges are weighted o (1) —g where Ttis
the aligned pair labeling the edge. Null edges are weighted 0 and all other edges are weighted a (). The weight of
a path under this scheme is the sum of the scores of its non-null labels minus g times the number of initiation edges.
For normal paths this is exactly the gap-penalty score of its corresponding alignment since each initiation edge
corresponds to the leftmost aligned pair in agap. Hence the problem is to compute a maximum-weight normal path
from © to ®. However, for every non-normal path there is a normal path of greater weight spelling the same aign-
ment. This is simply because a subpath such as (i—1,j)p->(i—-1,j)c—-(i,j)p can be replaced by
(i-1,)p - (i, j)p for anet weight gain of g > 0. Thus the problem is to compute a maximum-weight path (it
must be normal) from © to ® in Hx g asweighted by o and g.

Because Hj g is acyclic, a maximum-weight path can be determined in a single topological sweep of its ver-
tices. In the algorithm of Figure 4, the values D(i, j), I (i, j), and C(i, j) are the maximum path weights from © to
(i, j)p,to (i, j),,and to (i, j)c, respectively. To simplify matters, the unreachable vertices, D(0, j) and I(i, 0),
are set to — oo, a suitably large negative constant.



D(0,0) « 1(0,0) « —o
C(0,0) -0

forj —« 1toNdo

{ D(0,j) « —

C(0, j) « 1(0, j) « max{I(0, j-1), C(0, j-1) - g} + 0([&])
}

fori —« 1toMdo
{ 1(i,0) « —

C(i, 0) « D(i, 0) « max{D(i-1,0), C(i-1,0) - g} +0([ii])
forj — 1toNdo

{ DGi,}) ~ ma(D(i-1,)), Ci-1,0) - g} + o[ ]
1, J) — max{I(i, j-1), C(i, j-1) - g} + 0([5’]])

C(i. 1) ~ mad{D(i, 1), 11, 1), S ~1,i-1) + o[5'])}

}

}
write "Similarity scoreis' C(M, N)

Figure 4: A sequence alignment algorithm for the gap-penalty cost model.

3. Regular expressions and finite automata. Many pattern matching problems can be phrased in terms of regular
expressions, which are built up from individual symbols via union, concatenation, and concatenation-closure opera-
tions. Formally, the set of regular expressions over a given aphabet, Z, is defined recursively as follows:

1. Ifal®> O {e},thenaisaregular expression.
2. If Rand Sareregular expressions, then so are R| S RS R*, and (R).

A regular expression determines alanguage, i.e., a set of sequences of symbolsfrom X. In fact, aregular expression
is frequently referred to as if it were the language it denotes, as in ‘‘c is a sequence in b*c*’’. The precise
language-defining rules are as follows. If a [ O {&}, then a denotes the set containing the single sequence a.
R| Sisthe union of the languages denoted by Rand S. RS denotes the set of sequences obtained by concatenating a
sequence in Rand asequencein S. R* consists of all sequences that can be obtained by concatenating zero or more
seguences from R. Finaly, (R) denotes the same language as R. Parentheses are used to override the ‘‘natural’”’
precedence of the operators, which places * highest, concatenation next, and | last. For example, ab| cb* denotes
theset, { ab, c, cb, cbb, --- }.

While regular expressions permit the convenient textual specification of regular languages, their finite state
machine counterparts are better suited for the task of recognizing the sequences in a language. Severa different
models of finite automata have appeared, but all are equivaent in power and recognize exactly the class of regular
languages. The complexity results of this paper require the use of a non-deterministic, €-labeled model, and label-
ing states instead of edges yields simpler software. Formally, a finite automaton, F = < V, E, A, 0, ¢ >, consists
of:



A set, V, of vertices, called states.

A set, E, of directed edges between states.

A function, A, assigninga‘‘label”” A(s) [ O {&} to each states.
A designated ‘‘source’’ state, 0, and adesignated ‘‘sink’’ state, @.

AwDdhPR

Intuitively, F isa vertex-labeled directed graph with distinguished source and sink vertices. A directed path through
F spells the sequence obtained by concatenating the state labels along the path. Recall that € acts asthe identity ele-
ment for concatenation, i.e., vew = vw. So, one may think of spelling just the non-¢ labels on the path. Lg(s), the
language accepted at s [0V, is the set of sequences spelled on paths from 6 to s. The language accepted by F is
Le(9).

For any regular expression, R, the following recursive method constructs a finite automaton, Fg, that accepts
exactly the language denoted by R. Fora [T 0 {&}, construct the automaton:

ea:(pa
Suppose that Risaregular expression and automaton F g with source 8 and sink @ has been constructed. Further

suppose that automaton F g with source 8¢ and sink @5 has been constructed for regular expression S. Then auto-
matafor R| S RS and R* are constructed as follows:

Each diagram precisely specifies how to build the composite automaton from Fg and Fs. For example, Fgs is
obtained by adding an edge from @ to 8, designating O asits source state, and @ asits sink.

A straightforward induction shows that automata constructed for regular expressions by the above process have
the following properties:



The in-degree of Bis0.

The out-degree of @isO.

Every state has an in-degree and an out-degree of 2 or less.

| VI < 2|R],i.e, the number of statesin F isless than twice R’ s length.

AwDdhPR

It is both algorithmically and formally simpler to let the sequence spelled by a path be the concatenation of all
state labels on the path except for the first vertex. For then the sequence is the concatenation of the labels at the
head of each edge in the path. This alteration is simply accommodated by modifying the automaton F g produced

for R above as follows:
Re (0= RO

9;2 6 U

Since the start state of Fr is labeled with €, L, (S) is the same, regardless of which notion of spelling is used.
Moreover, this altered automaton satisfies the properties above, save that now | V| < 2| Rl The key observation is
that for any regular expression R there is a non-deterministic, e-labeled automaton whose size, measured in vertices
or edges, islinear in the length of R.

The algorithms to be developed depend on another subtle property of the constructed automata. Call the con-
structed edges that run left-to-right in the above pictures DAG edges. The remaining back edges consist of just
those from @g to By in the diagram of Fg.. For those familiar with the data flow analysis literature, Part 2 of
Lemma 1 asserts that the loop connectedness parameter of F's graph isone (Hecht and Ullman, 1975).

Lemma 1. Consider a finite automaton, F, constructed by the above process. (1) If a back edge occurs on a
path that begins at 6, then the edge ends at a state that precedes the edge on the path, i.e., the edge closes aloop in
the path. (2) Any loop-free path in F has at most one back edge.

Proof. Suppose that F is the automaton for R* and the back edge is the one added when constructing F. Then
part 1 clearly holds. But the constructions embedding F as a sub-automaton in a larger automaton, L, guarantee that
a path from L’s start state that includes the back edge must first pass through F's start state, proving part 1 in gen-
eral.

Let p be aloop-free path in F and suppose that, contrary to part 2, p contains two back edges. The first back
edge in p connects the final state of some sub-automaton, S to its start state. Consider the suffix, g, of p that follows
that back edge. If qleaves S then aloop would be formed when it exits via S sfinal state. But since p isloop-free,
g must stay within F. However, part 1, when applied to S implies that g contains no back edges, contradicting the
assumption that p contains two back edges. ]

4. The column-sum edit graph and algorithmfor regular expressions. The approximate regular expression matching
problem entails comparing a sequence A=a;a, - - - ay against the sequencesin aregular expression R in search of
the sequence that is most similar to A under a scoring function o. In analogy with the edit graph model for compar-
ing two sequences, a graph theoretic model is developed in this section for comparing a sequence and a regular
expression. A regular expression edit graph, G, g, is an edge-labeled directed graph. It is designed so that paths
between two designated vertices correspond to alignments between A and sequences in R, and the maximum-weight
path models the solution. Let F =< V, E, A, 6, @ > be the finite automaton Fr g for R constructed as in Section 3.
The vertices of G g are the pairs (i, s) where iJ[0, M] and s O V. Informaly, the graph contains M + 1 copies
of F, where (i, s) is“*inrow i.”” Distinguish © = (0, 0) as the source vertex of G4 g, and ® = (M, @) asitssink
vertex. Thefollowing edges, and only these edges, are in G g.



1. Ifi0[1, M] and either s = B or A(s) # &, then there is adeletion edge (i — 1, s) — (i, s) labeled [i]
2. 1fid[0, M] and t - s 0 E, then there is an insertion edge (i, t) — (i, s) labeled [MSS)].

3. Ifid[1, M],t-sOE,and A(s) # ¢, then thereisasubstitution edge (i —1, t) - (i, s) labeled [)\?is) .
Let N be the length of R. Then | V| <2Nand G, g has no more than 2(M +1) N vertices. Since F has at most N
non-¢ states, it follows that G5 g has no more than M(N + 1) deletion edges, 4(M +1) N insertion edges, and 2MN
substitution edges, for atotal of 7MN + 4N + M edges. Thusthe ‘‘size’’ of the graph is O(MN). Figure 5 givesan
example. All edges not annotated are |abeled with n and the solid vertices are e-labeled in F.

Figure5: G, rfor A=aband R=(a b) a*.

A path in G, g spells the alignment obtained by concatenating its edge labels. Recall thet n acts as the identity
for alignment concatenation and so one may think of spelling just the non-null 1abels on the path. Lemma 2 shows
that paths from © to a vertex (i, s) spell alignments between A; and sequences in L (s), and, conversely, al such
alignments are modeled by paths from @ to (i, s). Animmediate corollary isthat the set of paths from © to @ spell
exactly the set of alignments between A and sequences in R. Essentially, G, g is an edge-labeled finite automaton
accepting the language of al alignments between A and sequences in R. A construction similar to G, r was first
presented by Wagner and Seiferas (1978).

Lemma 2. Thereisapathin G, g from©to (i, s) spelling Sif and only if Saligns A; and B O L£(s).



Proof. (=>) Let P beapath from © to (i, s) spelling S. The upper entry of the label on an edge (j, t) - (j, u)
is €, whereas it is a; for an edge (j—1, t) - (], u). Thus, concatenating the upper entries of Sgives A;. Let p be
the sequence, <t - u: (j, t) - (k, u) is an insertion or substitution edge of P>, as ordered by P. The construction
then guarantees that p is a path from 0 to s in F and that concatenating the lower entries of S gives the string
B O Lg(s) spelled by p. Hence, Saligns A; and B.

(<=) Theclaim isfirst proved subject to the constraint that s = 8 or A(s) # €. Thisrestriction will be relaxed in
the last paragraph. The argument proceeds by induction on the length of S i.e., on the number of non-null aligned
pairs. For the basis case, i.e, |§ =0, S=n and so aligns Ay and B = & Moreover, B can only be in L(6)
because A(s) # € implieseisnot in Lg(s). But then the path of zero edges from © to (0, 6) spells S Suppose the
result holds for alignments of lengthk—1and let | § = k, where Saligns A; and B [0 L (s) and either s=6 or A(S)
ZE.

Casel: S = S’[&;]. Then S aligns A;_; and B O L (s) and, by induction, there is a path from © to (i —1, s)
spelling S'. Extending this path by the edge (i -1, s) - (i, s), which islabeled [as'] , produces the desired path.

Case2: S = S[E] ThenB#ecandsoB I Lg(0). ThusB O Lg(s) where A(s) # €, and, consequently, where

A(s) = b. Let B=Cb, i.e,, Cisthe bottomrow of S'. Then S aligns A; and C O L¢(t), where (i) either t = 6 or
A(t) # € and (ii) thereisapath fromt -ty ~t, » -+ -t »sinFwith A(t;) = € for dl jO[1, n]. By induction
there is a pah from © to (i,t) speling S. Extending this path by the edges
(i,t) > (i,ty) > (i, ty) - -+ > (i, t,) - (i, s) produces the desired path since the final edge has label [E] and
the other added edges are labeled .

Case3: S = S[i’] Then S dignsA;_; and C O Lg(t), wheret, t1, t5, -+ -, t, areasin Case 2. By induc-
tion there is a path from © to (i —1, s) spelling S'. Extending this path by the edges (i —1,t) - (i -1, t;) -
(i-1,t,) > --- - (i-1,t,) - (i, S) produces the desired path since the final edge has label [i‘] and the other
added edges are labeled .

Finally consider the case where s # 8, A(s) = ¢, and SaignsA; and B 0 Lg(s). Then there existsat such that
(i) t=6o0r A(t) # ¢, (ii) BOLg(t), and (iii) thereisapath t - t; ~t, - -+ -t~ sin F with A(t;) = € for all
jd[1, n]. Because of (i), the induction above gives a path from O to (i, t) spelling S Extending this path by the
edges (i, t) - (i,t1) - (i, t2) » - -+ (i, ty) - (i, s) gives the desired path since the added edges are all 1abeled
n- ]

Under the column-sum cost model, the score of an alignment is the sum of the g-scores of its aligned pairs.
Weight G r by assigning weight o(T) to each edge labeled 1t # n, and weight zero to edges labeled ), i.e., choose
o(n) = 0. With thisweighting scheme, the sum of the weights of a path’s edges is exactly the sum of the scores of
the (non-null) aligned pairs in its corresponding alignment. So the approximate regular expression matching prob-
lem under the column-sum cost model reduces to computing a maximum-weight path from © to ® in G, r as
weighted by o.

Any cycle in G, g is contained within a row, so it consists solely of insertion edges. If such a cycle has a net
positive weight, then choosing source-to-sink paths that employ this cycle an arbitrary number of times give align-
ments with A that have arbitrarily large scores. Since each copy of F in G4 g isidentically weighted, one can deter-
mine the existence of such cycles in O(N) time during the construction of F." If such a cycle is found then it is
reported and the computation terminates. Otherwise, all cycles have non-positive weight, and it follows that remov-
ing a cycle from a path can only increase itsweight. Thus, without loss of generality, a maximum-weight path from
© to ® may be found by considering only those paths that are cycle-free.

The trace of apath P =wg - w; - W, - - -+ - Wy is the sequence of vertices encountered at the heads of P's
edges, i.e, trace(P) = w;w; - - - Wg. The vertex a which P startsis not part of itstrace. A node listing (Kennedy,

T It suffices to determine if there is a positive simple cycle in F where an edge t - s is weighted w(s) = 0([)\&)] ). As each sub-
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1975) for aset N of pathsisasequence L =v,V, - - - v, of vertices such that for every path P [T1 , P’strace isa
subsequence of L. That is, there exist t(1) < t(2) < --- < t(q) such that trace(P) = V1) Vy(2) = * Vi(q)- V-
tices may occur more than once in L, and indeed must for many instances of . Moreover, there can be paths
whose trace is a subsequence of L that are notin 1, i.e., L may list a superset of the pathsin 1.

Let X be the set of cycle-free paths from © to @, and suppose L is a node listing for X. Without loss of general-
ity one may assume that © does not occur in L and that the last vertex in L is®. The following agorithm uses L to
compute the weight of a maximum-weight path from © to @. A special vertex, vg, not in G, g conveniently han-
dles the boundary case where v, isfirst encountered.

C(vg) « ~
C@) -0
for k —« 1topdo
{ jemax{i:i=0o0riO[1, k—-1] and v; =Vv,}
C(vi) « max{ C(vj), max{C(v;) + a(v;-Vv,):i0[j+1, k-1] and v; - v, isan edge} }
}

write "Maximum scoreis' C(®)

After the k™ iteration of the for loop, C(v;), for all i <k, isthe maximum weight of a path from © to v; whose trace
is a subsequence of thelistingv, v, - - - v,. If not zero, j isthe last position at which v, was encountered in L, and it
is only necessary to update C(v,) with respect to those C-values updated between the j" and k™" iterations of the
loop. These two observations suffice to show that upon completion, C(®) is the maximum weight of a path whose
trace is a subsequence of L. Since L lists a superset of X and it suffices to consider only cycle-free paths, C(®) is
the maximum weight of a source-to-sink pathin G, .

Lemma 3 gives a node listing for X, the set of al cyclefree paths from © to @ in Gp r. Let
0,s1,S,, --+,S, = @be atopological ordering of F's states relative to the DAG edges. Such an ordering exists
because removing the back edges from F makes its graph acyclic. For i 0 [0, M], let T; be the vertex sequence,

(Ivsl)(lvsz) (Iasn)
Lemma 3. Thesequencety (1,0) 11 11 (2,0) T, T, --+ (M, 8) Ty Ty isanodelisting for X.

Proof. Inthe automaton F, any cycle-free path from 6 consists solely of DAG edges by Lemma 1.1. Thus: (1) T
=518, - S, isanode listing for the set of cycle-free paths from 6. Any cycle-free path from s, # 0 contains at
most one back edge by Lemma 1.2. Such a path must consist of a sequence of DAG edges, possibly followed by a
back edge to a vertex other than 8 and another sequence of DAG edges. Thus: (2) Si+1Sk+2 * - ST isanhode list-
ing for the set of cycle-free pathsfrom s, # 6.

By the construction of G, g, apath from © to ® has a trace that consists of a sequence of vertices in row 0, fol-
lowed by a sequence of verticesin row 1, and so on, to afinal sequence of verticesin row M. Thus a cycle-free path
P from © to ® may be partitioned into an initial cycle-free subpath Py from © to P’'s last vertex in row O, followed
by a cycle-free subpath P, from P’s last vertex in row 0 to P’s last vertex in row 1, and so on, to a final cycle-free
subpath Py, from P’s last vertex in row M —1 to ®. To complete the proof it suffices to show that Py’s trace is a
subsequence of T, and that P;’s trace isa subseguence of (i, 8) t;1; fori O [1, M]. Py isacycle-free path from 6
in the 0 copy of F and so its trace is a subsequence of T, by (1). If the second vertex of P; is (i, 8) then the
remainder is a cycle-free path from 0 in the i copy of F and so P;’s trace is a subsequence of (i, 8) T; by ().
Otherwise, suppose the second vertex of P; is(i, si) where s, # 8. Then the remainder is a cycle-free path from s,
mqed, the weight W(S) of the maximum weight cycle-free path from 8g to @g can be determined with the re-
currences. W(a) = 0, W(RS) = W(R) + w(Bg) + W(S), W(R|S) = max{w(Br) + W(R), w(Bs) + W(S)}, and W(R*) =

max{w(Bgr) + W(R), 0}. A simple cycle consists of a back edge in the automaton for S* and a cycle-free path from 65 and @s.
Thus apositive cycle existsif and only if W(S*) > 0 for some sub-expression S* of R.
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in the i™" copy of F and so P;’s trace is a subsequence of (i, sy)(i, Sk+1) - (i, Sy) T; by (2). In both cases,
(i, 8) 1;71; isanodelisting for P;. ]

Specializing the node listing algorithm above for the specific node list for X given in Lemma 3 leads to the algo-
rithm in Figure 6. Lines 2 and 3 process the node listing T4, where D is the set of DAG edges in F. During the i™"
iteration of the for loop of lines4 to 13, line 5 processes (i, 6), lines 6 through 10 process the first occurrence of 1;,
and lines 11 through 12 process the second occurrence. In each case the maximum computation of the general node
listing algorithm is customized according to the structure of G, g and the @ term is moved outside the maximum
computation wherever possible.

1. C(0,0) -0
for sO V - {6} intopologica order do

2
3
3 C(0,9) — max {C(0, 0} +o([ (g
4, fori - 1toMdo
5. { C(i,8) - C(i-1,0) + 0([a8i])
6 for sO V - {8} in topological order do
. 1 8
7 { Cli,s) ~ max {C(i, 1)} +0([)\(s)])
8 if A\(s) # ethen
9 Cli.9) - ma(C(i, 9. € =19 + o[ ] max 1Cti-1.0} + o[ »

10. }

11. for sO V - {06} intopological order do

12. C(i, s) — max{C(i, s),t%a%(E{C(i,t)} + c([MSS)])}
13. }

14. write"Similarity scoreis' C(M, @)

Figur e 6: The approximate match algorithm with column-sum costs.

Since the in-degree of every vertex in F is two or less, the in-degree of every vertex in G, g isfive or less. Thus
only O(1) timeis spent updating the C-values for each entry in X. Recalling that F contains n + 1 vertices it follows
that there are n + M (2n +1) entriesin X. Moreover, n+1 < 2N by the construction of F. Thus, the total time spent
in the column-sum agorithm is O(MN). A maximum-weight path may be found by retaining, for each entry
C(i, s), the edge along which its maximum value is attained. This trace-back information requires O(MN) bits.
With it one can deliver the sequence in R whose optimal alignment with A is highest scoring, and its optimal align-
ment with A. However, if just the score of the best alignment between A and a sequence in R is desired, then only
O(N) words of memory are required. X lists vertices row-by-row and the C-values in row i depend only on the C-
valuesinrowsi andi—1. Thusan (n+1)-element vector can hold the C-values for row i —1 while the C-values for
row i are computed in a second (n +1)-element vector. In Section 6, an algorithm variation exploits this observa
tion to actually deliver an approximate match and its alignment with A in linear space.

5. The gap-penalty edit graph and algorithm for regular expressions. Attention is now turned to developing a gap-
penalty edit graph, GA g, for comparing sequence A = a;a, - - - ay and regular expression R under the gap-
penalty cost model. As before, this edge-labeled graph is designed so that source-to-sink paths model alignments
between A and sequences in R, and the maximum-weight path gives the solution. Let F =<V, E, A, 8, > bethe
finite automaton Fr for R constructed as in Section 3. Aswith Hx g there are three vertices for each integer-state
pair (i, s): one of type C(ommon), one of type D(eletion), and one of type I(nsertion). Specifically, the vertices of
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Ga, r are the pairs: (i, s)c and (i, s), for i[O, M] and sOV, and (i, j)p for iD[0, M] and sV — {t: A(t) = €
and t # 6}. Distinguish © = (0, 8) ¢ as Ga r’'S source vertex, and ® = (M, @) ¢ asitssink vertex. The following
edges, and only these edges, arein G, g.

If i0[1, M] and either =0 or A(S) 2, then thereisadeletion edge (i -1, S)p — (i, S) o labeled [as']

If iD[1, M] and either s=6 or A(s) €, then there isa deletion initiation edge (i — 1, s) ¢ — (i, ), labeled [as']
If i0[0, M] and t . SOE, then thereisan insertion edge (i, t), - (i, s), labeled [)\(ES)].

If i0[0, M], t — sOE, and A(s) Z¢, then there is an insertion initiation edge (i, t) ¢ — (i, S), labeled [Mss)].
Ifi0[0, M], t - sUE, and A(s) =¢, thenthereisafreeedge (i, t)¢c - (i, S) ¢ labeled .

If i0[1, M], t » sOE, and A(s) Z¢, then there is a substitution edge (i =1, t) ¢ — (i, S) ¢ labeled [A?'s)]

If i0[0, M] and either s=06 or A(s) ¢, then thereisanull edge (i, s)p - (i, S)c labeled .

o N o o M w Db B

If i0[0, M] and s1V, then there isanull edge (i, s), - (i, S)¢ labeled n.

There are a number of vertices unreachable from © in the construction as given, namely, (i, s), for al s such that
Le(s)={e}and (i, s)p fori = 0. One may remove such vertices and the edges directed out of them if desired.

Let N be the length of R. In agiven row of GA g there are no more than 2N C-vertices, 2N |-vertices, and N +1
D-vertices. Thus there are at most (5N +1)(M +1) vertices in Ga g. With respect to edges, there are at most
4(M +1) N of type 3, 4(M +1) N of either type 4 or 5, 2(M +1) N of type 8, 2MN of type 6, and M(N + 1) each of
types 1, 2, and 7. So GA g contains at most 15MN + 10N + 3M edges and its ‘‘size”” is O(MN) regardless of
whether one counts vertices or edges.

Aswith G, g, apathin Ga g from © to (i, s)¢ spells an alignment between A; and a sequence in L¢(s), and
every such alignment is spelled by some path. Lemma 4 formally proves this claim by giving label-preserving
homomorphisms, i and i, from paths in one graph to paths in the other, and then appealing to Lemma 2.

Lemma4. Thereisapathin Ga r from @ to (i, s)¢ spelling Sif and only if Saligns A; and B O L¢ ().

Proof. (=>) For every non-null edge, e = (i, t)x - (j, S)y, in Ga g thereisan edge fi(e) = (i,t) - (j, S) in
Ga r With the same label. Moreover, null edges aren’t spelled and occur between vertices with the same (row,
state) pair. Thus mapping each non-null edge e of a path in G, r to the edge i (€) givesapath in G g spelling the
same alignment. Hence, for any path from © to (i, s)x in Ga g, there is a synonymous path from @ to (i, s) in
G rthat by Lemma2 aligns A; and B O Lg(s).

(<=) By Lemma 2 there is a path from © to (i, s) in G, g spelling S so it suffices to map each edgee=v - w
labeled T to a path, ji(e), from vc to we in Ga g that also spells . First, for substitution edges e =
(i-1,t) = (i,s), p(e)=(i—-1,t)c - (i, )¢ isidentically labeled and exists for exactly the same choices of i, t,
and s. Next, there are deletion edges e = (i -1, s) - (i, s) labeled T = [i‘] inGa g for i O[1, M] and either
s =8 or A(s) #Z&. For the same choices of i and s the path f1(e) = (i —1, S)c - (i, S)p — (i, S)c exists in G r
and it spells tn = 1. Finaly, there are insertion edges e = (i, t) - (i, s) labeled 1T = [)\(SS)] in Gp g for
idJ[0,M] and t—sOE. If A(s) #¢, then for the same choices of i, t, and s, the path ji(e) =
(i,t)c > (i, ), » (i, S)c existsin GA g and it spells Tt n=T1u Otherwise, A(s) = € and so t=n. In thiscase, there
isafreeedge j1(e) = (i, t)c - (i, S)c labeled n in G4 k. ]

Weight G, r asfollows. Deletion initiation and insertion initiation edges are weighted o (1) —g where Ttis the
aligned pair labeling the edge. Weight the remaining edges o(m) if ™ #n, and zero otherwise, i.e., choose
o(n) = 0. Under this scheme, the cumulative weight of a path P’'s edges, Weight(P), is the sum of the scores of its
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non-null labels minus g times the number of initiation edges. Unfortunately, the number of initiation edges in P
may exceed the number of gaps in the alignment Sthat it spells. In such a case, the weight of P islessthan S's
gap-penalty score. However, for a select subset of the paths in Ga g, path weights and aignment scores
correspond, as shown in Lemma 5. For a path P, a deletion anomaly in P is a subpath of the form
(i-1,8)p-(i—-1,8)c - (i, S)p, an insertion anomaly in P is a subpath of the form (i, t), - (i, t)c - (i, S),, and
afree-edge anomaly in P is a subpath of the form (i, t), - (i, t)¢c - (i, S)c. P isnormal if it has no deletion, inser-
tion, or free-edge anomalies.

Lemma5. Let P beanormal path from © to ® in Gy g spelling S Then Weight(P) = Scoreg,, (S).

Proof. It suffices to show that the number of initiation edges in P equals the number of gapsin S. To spell an
insertion gap of S P must past though a sequence of |-vertices which are reached by an insertion initiation edge.
Thus, each insertion gap of Scorresponds to aleast one insertion initiation edge of P. A similar statement is true for
deletion pairs. Thusthe number of gapsin Sis not greater than the number of initiation edges of P. This proves that
Weight (P) < Scoreg,, (S) for all pathsin Ga r. The proof is completed by showing that an initiation edge spells the
leftmost pair of agapin S

First consider a deletion initiation edge, e = (i—1, S)c - (i, S)p, of P. If (i =1, s)c = © then €' s label is cer-
tainly the leftmost pair of agap in S Otherwise, there is an edge f preceding e and it cannot come from (i =1, S)p
because P is normal. Hence f is either (i —2,t)c - (i—1,8)c or (i—-1,S), - (i—1, s)c. In the first case, the
lower element of f's label isnot €, and so € slabdl isthe leftmost pair in agap of S In the second case, f is |abeled
n and the construction of Ga r insures that a trace back aong P from (i —1, s), encounters a possible empty
sequence of insertion edges until an insertion initiation edge is reached. These preceding edges are either labeled
with n or an insertion pair, and at least one, the insertion initiation edge, has a non-null label. Thus €' s labdl is the
leftmost pair in agap of Sin this case too.

Now, consider an insertion initiation edge, e = (i, t)c - (i, ), of P. We may assume that there is an earlier
edge of P with non-null label, since otherwise €' s label is the first pair of S By the construction of G g, the edge e
may be preceded in P by a sequence of zero or more n-labeled free edges which are then preceded by either (a) a
null edge from an |-vertex, (b) a substitution edge, or (c) a null edge from a D-vertex. Case (a) is not possible since
Pisnormal. Incase (b), € slabel must be the leftmost pair in a gap of S because the substitution edge’s upper ele-
ment is not €. In case (c), the edge preceding the n-labeled null edge must be a deletion or deletion initiation edge
whose label isadeletion pair. Thus, € slabel isthe leftmost pair in agap in this case too. ]

By Lemma 4 every normal source-to-sink path spells an alignment between A and a sequence in R. Lemma 6
shows that any path may be transformed into a normal path that spells the same alignment. Combined with Lemma
4 this assures that for every alignment between A and a sequence in R there is a normal path spelling the alignment.
Thus the approximate regular expression matching problem under the gap-penalty model reduces to computing a
maximum-weight normal path from © to ® in G g as weighted by ¢ and g. Moreover, Lemma 6 implies that a
maximum-weight path must either be normal or transformable into a normal path of equal weight. Thus, it suffices
to find a maximum-weight path of G, r because its weight must be that of its alignment’s gap-penalty score.

Lemma 6. For every path P from © to ® in G, r spelling S thereis anormal path Q from © to @ spelling Sof
greater or equal score.

Proof. Suppose P contains an anomaly. We will show how to remove the anomaly (or at least shift it to later in
the path) without changing the alignment spelled by P. First, adeletion anomaly (i -1, s)p — (i =1, S)¢c - (i, S)p
can be replaced by the singleedge (i —1, S)p - (i, S)p, thereby removing the anomaly. Similarly, an insertion ano-
maly (i, t); - (i, t)c - (i, s); can be replaced by the single edge (i, t), - (i, s),. Finaly, a free-edge anomaly
(i,t), > (i,t)c - (i, s)c can be replaced by the synonymous subpath (i, t),; - (i, s), - (i, S)¢, thereby either
removing the anomaly or creating a new anomaly one edge later in the path. In the later case, the anomaly may be
similarly removed, possibly causing a cascade of replacements, until either the end of P isreached or a replacement

-14 -



is performed that does not create a new anomaly. With regard to weights, simply observe that the first two
transforms increase a path’s weight by g and the third replacement leaves it's weight unchanged. ]

As for the column-sum problem, paths with cycles can be removed from consideration by first checking that
there are no cycles of positive weight. It isnot hard to show that acycle of G g consists solely of insertion edges.

Thus it suffices to check for positive cycles in a copy of F where each edget - s is weighted 0([)\(85)] ). Thiscan

be done in O(N) time as described in the footnote of Section 4. If there are no positive cycles, then a maximum-
weight path from © to @ may be found by examining only those paths that are normal and cycle-free.

To compute the maximum-weight source-to-sink path in Gx g, it suffices to give a node-listing for X, the set of
cycle-free normal paths from © to @, and then customize the general node-listing algorithm of Section 4. Lemma7
gives an O(MN) length node-listing for X in terms of the following definitions. Let Tt =s;s, - - - s, wheres, = @,
be atopological ordering of V — {0} relativeto F'sDAG edges. Lett;t, - - - t,, bethe sequence obtained by delet-
ing from T all states s for which A(s) = €. Let 8; be the node-listing (i, t1)p (i, t2)p --- (i, tm)p; let T; be the
node-listing (i, s1)c(i, S2)c -+ (i, Sp)c; and let 1; be the node-listing (i, s1),(i, S3), - - (i, Sp),. Findly, letpg
=TglglgToandletp; =(i, 0)p O; (i,0)c T; T; 1; 1; T; fori O[1, M].

Lemma 7: Thesequence pg p1 P2 -+ Pm iSanode-listing for X.

Proof: Asin Lemma 3, a cycle-free path P from © to ® may be partitioned into an initial cycle-free subpath P
from © to P'slast vertex in row 0, followed by a cycle-free subpath P, from P’slast vertex in row 0 to P’ s last ver-
tex inrow 1, and so on, to afinal cycle-free subpath P, from P'slast vertex inrow M —1 to ®. It suffices to show
that P’ s trace is a subsequence of pg, and that P;’strace is a subsequence of p; fori O [1, M].

P, may begin with a possibly empty, cycle-free sequence of free edges from ©. By Lemma 1.1 this portion is
traced by 1,. Then P either leaves row 0 or it continues along an insertion initiation edge, followed by a possibly
empty, cycle-free sequence of insertion edges, and a final null edge back to a C-vertex. This portion of Py'straceis
a subsequence of 1419 Tg by Lemma 1.2. Since P is normal, it must leave row 0 at this final C-vertex. Thus
trace(Pg) isasubsequence of pg.

Now consider P; fori O [1, M]. P may enter (i, S)p along a deletion initiation or deletion edge and then exit
immediately along a deletion edge. In this case, P;’s trace is a subsequence of (i, 8)pd;. Otherwise, P must either
enter (i, S)p and then proceed to (i, s) aong anull edge, or enter (i, s) directly along a substitution edge. From
there P may then follow a possibly empty, cycle-free sequence of free edges through other C-vertices. This portion
of P,’strace is a subsequence of (i, 8)p 8;(i, 0)c T;T; by Lemma 1.2. At thispoint, P may either leave row i or it
may continue along an insertion initiation edge, followed by a possibly empty, cycle-free sequence of insertion
edges, and a final null edge back to a C-vertex. This portion of P;’s trace is a subsequence of 1;1;T;, again by
Lemma 1.2. Since P isnormal it must leave row i at this final C-vertex. Thus trace(P;) is a subsequence of p;.

[

The gap-penalty approximate match algorithm of Figure 7 is obtained by specializing the general node listing
algorithm of Section 4 for the node list of Lemma 7. The values D(i, s), I(i, s), and C(i, S) give the maximum
path weights from (0, 6) to (i, S)p, to (i, s),, and to (i, S) ¢, respectively. Each minor loop of the algorithm is
annotated on the right with the portion of the node listing to which it corresponds. To simplify matters, unreachable
variables such as D(0, s) and I (i, 8) are set to — 0, a suitably large negative constant.” This value is also assigned
to C(0, s)inline5,1(0, s) inline 8, and I (i, s) in line 25 whenever the corresponding vertex is not reachable from
© by a path whose trace is a subsequence of the prefix of the node listing thus far processed. The qualified max
terms in lines 5, 8, 10, 18, 20, 22, 25, and 27 may be over empty sets of values in which case their value is also
assumed to be — co.

T It sufficesto choose —co = (M + N) O min — 29 — 1 where o i, = min{ o(0) : tanon-null aigned pair }.
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An additional refinement to the node listing paradigm is made in lines 12 and 29. According to the paradigm
line 29 should be:
C(i, s) « max{C(i, s), I(i, s), ma£<E{C(i, H}}
tos
A(S) = ¢

However, the inner max term can be dropped since only normal paths need to be considered. The same is true for
line 12. Recall that the node listing traces more than the paths in X. It also traces non-optimal paths and optimal
paths that are not normal or that may contain zero-weight cycles. Thus a naive trace-back procedure may find itself
tracing a non-normal path, or, worse, infinitely following a cycle. The *‘optimization’’ above ensures that paths
with free-edge anomalies are not considered even if they are optimal. Since paths with insertion and deletion
anomalies are non-optimal, this guarantees that only normal paths will be traced. To avoid getting caught in aloop,
it suffices to break ties when evaluating max terms in favor of edges from the previous row, then DAG edges within
therow, and last of all, back-edges within the row.

1. C(0,6) ~ 0

2. forsOV - {t: A(t) = eandt # 8} intopological order do  ...ccooeiriiciniree # Unreachable
3. D(0,S) « —
4, forsOV — {6} intopological Order do ..o #1g
5. C(0,s) « max {C(0,1)}
t-sOD
A(s) =€
6. 1(0, 8) =00 ettt ne s et tens # Unreachable
7. forsOV — {B}intopological Order do ..o #1,
_ €
& 09 - mad mac (0.0}, ma (0.0} - ) + o([x(9)])
S) #¢€
9. forsOV —{B}intopological order dO ..o e #1,
€
0109 - maI©.9), max 0.0} + S
F3
11. for sOV - {6} intopological order do  ..ooioieeeeee s #1,
12. C(0,s) « max{C(0, s), I(0,s)}
13. fori « 1toMdo
14. { forsOV - {t: A(t) = eandt # B} intopological order Ao ...cvveeerreirciieriicnnes #(i, 0)p 0
15. D(i,s) «~ ma{C(i-1,s) - g, D(i—1,85)} + 0([a£i])
16. for sOVintopological Order dO  .oociciceec e #(i,0)c T
17. ifs=0orA(s) # ethen
. . . a
18. C(i,s) « max{D(i, s), lEnSanE{C(l -1,t)} + 0([)\(5)])}
19. else
20. C(i,s) « max {C(i, 1)}
t-sOD
21. for sOV — {6} intopological order d0 .o H#1;
22. C(i, s) « max{C(i, s), max_ {C(i, )}
tzt(-)_:i(s):s

23. F(I, B) 0 — 00 ettt # Unreachable
24, for sOV — {6} intopological order do oo #1;

. . . _ €
25. (i) ~ max{ max {I(i, 1)}, &%ns)agE{co,t)} gt + o[ (s

S, €

26. for sOV — {8} intopological order do ..o #i;

. . . €
27. I(i,s) « max{lI(i,s), tEnSaD;(E{I(l,t)} + 0([A(S)])}

t#

28. for sOV — {8} intopological order do ..o #1
29. C(i,s) « max{C(i,s), I(i,s)}
30. }

31. write"Similarity scoreis' C(M, @)

Figure 7: The approximate match algorithm with gap-penalty costs.
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Since the in-degree of every vertex in F istwo or less, every max term in the algorithm takes O(1) time to com-
pute. Thuslines1to 12, and each iteration of the loop of lines 13 to 30 take O(N) time because | V| < 2N. Hence,
the algorithm takes O(MN) time. As for the column-sum algorithm, O(MN) bits of trace-back information suffices
to permit the delivery of a normal, cycle-free, and optimal path. Also, four (n+1)-element vectors are al that is
needed to deliver just the score of a best alignment between A and a sequence in R: one vector holds the C-values
for row i —1 while the D-values for row i overwrite the D-values for row i —1 in a second vector, and the C- and |-
values for row i are computed in the remaining two vectors.

6. Database searches. Thus far it has been required that all of A be optimally aligned with a sequence of R. In the
context of database queries, the problem becomes to find substrings of A, the database, that strongly align with a
sequence in R, the pattern. This problem variation is the focus of this section because it raises four new issues.
First, one must decide upon the criterion for when R is considered to approximately match a substring of A. Second,
the algorithm of Figure 6 must be nontrivially modified to identify such substrings. Third, to be practical, the
method of specifying regular expressions should be enhanced as in the UNIX tool egrep (Aho, 1980). Finally, since
Aismuch longer than R, it is advantageous to preprocess R in ways that increase the speed of searching A.

6.1. Approximate match criteria. One may define R as approximately matching a substring B of A when the
maximum similarity score of B versus R under cost function o is greater than some threshold 1. An dternative isto
use a measure of dissimilarity or difference (Levenshtein, 1966) that is the minimum score of an alignment Sunder a
positive cost function 6. Let o 1(11) = — &(1) and observe that Score,, (S) = — Scores(S). Thus maximizing simi-
larity under o will minimize difference under 6. Moreover, the difference between B and R is given by
- C(] B|, @) when the agorithm of Figure 6 is applied to B and R with cost function ¢ r. So one may define R as
approximately matching B whenever the difference between B and Risless than threshold T.

For common scoring schemes, particularly difference-based measures, it is better to express the match criteriain
length-relative terms. Suppose Sis an optimal alignment of B and R. The match density of B's alignment with Ris
Scores (S) /| B|. One may define R as approximately matching B whenever their match density is not less than

some fraction o. Let o/([2]) be of&]) - o if aze, and of2]) otherwise. Then Scoreq, (S) =
b b b

Scorey (S) — o B| and this is non-negative if and only if Ss match density is at least a. Thus B matches R with
density a or greater if and only if C(| B|, ¢) = 0 under the cost function 6. Similarly, one may define R as approx-
imately matching B whenever their mismatch density, Scores(S) /| BJ, is a or less under a difference cost function
0 (Sellers, 1984).

6.2. Finding matches. Independent of the criterion for a match, a two pass variation of the linear space, cost-
only algorithm is required to find the ends, | and r, of matching substringsB=a,a,,1 - - - a,. Suppose, without loss
of generality, that R approximately matches B when the score of their optimal alignment ist or greater. In the first
pass, the algorithm of Figure 6 processes A in a left-to-right scan with line 5 replaced by ‘‘C(i, 8) « max { 0,
c(i-1,0) + 0([a8i]) }'". The net effect of thischangeisthat C(i, @) = max { Score(S) : Saligns asequencein R
and a suffix of A; } (Sellers, 1980). Thus, each position r for which C(r, @) = 1 isthe right-end of a matching sub-
string because some suffix B of A, matches a sequence of R with score T or greater. For each right-end r, a second
pass finds al left-ends | by applying the algorithm of Figure 6 on the reverse of A, and the regular expression for the
reverse of the sequences in R. The finite automaton for this language is easily obtained by simply reversing the
direction of every edge of F and switching the roles of 8 and @. Thus this second phase is a right-to-left scan start-
ing at position r with the *‘reverse’”’ of the automaton for R. Line 5 is not modified as in the first pass. For each |
for which C(I, @) = 1 the agorithm outputs (I, r) as the end-points of an approximate match. The algorithm
requires only O(N) space since only costs are required. However, there may be a large number of right-ends and all
of A, must be searched for each. Thus atotal of O(SVIN) worst-case time can be taken where S< M is the number
of distinct approximate match right-endsin A.
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The number of end-point pairs and the time to find them may be reduced by listing only key pairs. Consider the
plot of C(i, @) — T produced as the first pass proceeds in increasing order of i. This curve is positive for a range of
consecutive indices[i, ir ] in aneighborhood about the right-end of a strong match. The strongest match has right-
end r O [i, ir ] that achieves the largest value of C(r, ¢) and is right-most in the event of ties. In the first scan,
record only such key right-ends. Now consider a plot of C(i, ¢) — T as produced by a second scan starting at key
end-point r and decreasing ini. Theintervalsfor which this curve is positive contain left-ends with respect tor. Let
the principal interval be the left-most positive interval whose right-most point is to the right of the key right-end
preceding r, or if it doesn’t exist, then the right-most positive interval (it must exist). The key left-end in the princi-
pal interval is then reported as the left-end for r. This choice of left-end guarantees that all reported matches either
do not overlap, or if they do, that their overlap is as short as possible. Moreover, the worst-case time spent scanning
in the second phase is O((M +L) N) where L is the sum of the lengths of all reported approximate matches. Since L
is O(M) in expectation, it takes O(MN) expected-time to report the key pairs. Using the linear space, alignment-
delivering variation of the next section, the aignments for each key pair can be delivered in O(MN log N)
expected-time and O(N) space.

6.3. A practical regular expression interface. Software has been written for the first scan of the key pairs search
algorithm above. To increase practicality, the software has been designed to accept an extended regular expression
syntax similar to the UNIX egrep tool that searches ASCI| text files for exact matches (Aho, 1980; Miller, 1987).
The enhancements to the syntax of Section 3 are as follows. A period, ‘.’, matches every ASCII character except
new-line characters, which are matched by ‘$'. The character ‘\’ escapes the special meaning of meta-characters

suchas '+, ‘(", ‘., '\, etc. That is, \a matches a for any ASCII character a. The character class[a;a, - - - a]
abbreviates the regular expression a4 | a,| - - - | ax where each a; isan ASCII symbol. Ranges of ASCII characters

can be further abbreviated asin ‘[a-z0-9]'. The class[ list] matches every character not in the list. Within character
classes, the special meaning of ‘], ‘', and ‘™" can be escaped with a back dash if needed. Finally, the expression
R + denotes the expression RR*, and R? denotes the expression R| €. With these extensions, there is almost no need
to explicitly represent €, which can be denoted by ‘[]17.

The introduction of escapes and a special symbol for new-line are purely syntactic considerations. The new
operators and the introduction of character classes require algorithmic changes. The expressions R+ and R? are
treated by constructing automata F gz, and F g, that are similar to Fr+. Fr, is Fg« with the edge from B+ t0 Qg«
removed. Fg, isF g« with the back edge from @g to 8 removed. Character classesand ‘.’ could aso be treated by
building the appropriate automaton but it is more efficient to treat them as atomic symbols. Each character class G

in Rismodeled by a single vertex sin Fg. Let og[a] = rglmaé({ 0([3]) }foral al@™ O {&}. Substitution edges

into (i, s) have weight og[a;], and insertion edges into (i, s) have weight o[€]. The weights of these edges do
not need to be computed for each row, which would require O(M| G| ) time, but can be looked up in a precomputed
| Z| +1-element table for o that takes O(| Z|| G| ) time to compute. This time savings comes at the expense of
requiring O(] Z| C) space where C < N isthe number of character classesin R.

6.4. Speeding up database scans. A typical implementation of the algorithm of Figure 6 reads R, constructs
tables modeling the edges and labels of Fr g, and then interprets these tables when performing the maximum compu-
tations of lines 3, 7,9, and 12. Let n=|V| —-1. By numbering states in topologica order from 0 to n, with 8 num-
bered 0 and @ numbered n, lines 2, 6, and 11 become simply ‘‘for i — 1tondo’’. The cost-only version then uses
arrays, say C[0..n] and B[ 0..n], to hold the C-values for rowsi and i — 1, respectively.

As each character a; is scanned in the first phase of the key pairs algorithm, C and B are updated by lines 5
through 12 and the value of C[n] -1 is examined. Since M is much larger than N in the case of database queries,
every effort should be made to increase the efficiency of this inner loop that depends only on R and the character
being scanned. A large factor of efficiency is achieved by compiling code for the inner loop that encodes R in its
logic, rather than in a set of tables. That is, given R, a program tailored to the structure of R is produced which
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when compiled and run on A performs the first phase of the search (Thompson, 1968; Pennello, 1986). Figure 8
gives an example of the C-program produced for the pattern a(b| c) *.

Every vector element is mapped to asimple variable, e.g. C[0] to C00 and B[ 3] to B03. The state-loops of lines
2-3, 6-10, and 11-12 have been completely unrolled and the code for their bodies specialized for each state. For
example, state 4 of the automaton for a(b| c)* is labeled 'b' and has a single edge from state 3 directed into it.
When specialized for this state, lines 7-9 become:

coa+=o([7])
if (t=B03+ o([,g,] )) > C04) CO4 =t;
if (t=C03+ o([,g,])) >C04) Co4=t;

Variable a holds the current scan character, and t is available for temporary sums. The scoring scheme o is realized
as a 128 by 128 element array W that can be indexed with ASCII characters. The character O represents €, and

initW() is a user-supplied routine that initializes W[a][b] to 0([3]). W is also known to the program producing
Figure 8. Thus in the code fragment above, W[0]['b’] is known, and its value, —1 in the example, is used directly
in the code. Also, arep is set to W[a] and adel to arep[ 0] when aisfirst read. If deletion costs are independent of

#include <stdio.h> B00 = CQO; /* B<-C*/
#include <sy</file.n> B03 = CO03;
/* Pass1*/
externint W[128][128]; C00=0;
extern initw(); C01-=1;
if ((t=B00+arep['a]) > C01) CO1 =t;
main(argc,argv) int argc; char *argv[]; if (t=C00-1) > C01) CO1 =t;
{ intifile, num; C02 = C01;
char buf[BUFSIZ]; C03 = C02;
register int t, *arep; Cco4-=1;
register int a, i; if (t=B03+arep[’'b']) > C04) CO4 =t;
int C00, C01, C02, C03, C04, C05, C06, CO7; if (t=C03-1) > C04) CO4=t;
int BOO, BO3; C05-=1,
/* Row 0*/ if (t=B03+arep[’'c']) > CO5) CO5 =t;
C00=0; if (t=C03-1) > C05) CO5=t;
C01=-1; C06 = C04;
C02 =-1; if (CO5 > C06) CO06 = CO05;
C03=-1, CO07 = CO06;
C04 =-2 if (C02 > C07) CO7 = C02;
C05=-2; /* Pass 2 */
CO06 = -2 C03 = CO06;
C07=-1, if (t=C03-1) > C04) CO4=t;
/* A-loop */ if (t=C03-1) > C05) CO5=t;
ifile = open(argv[1],0_RDONLY);
initw(); [* Test CO7-T (not implemented) */
while ((num = read(ifile,buf, BUFSIZ)) > 0) }
for (i =0; i <num; i++) exit (0);
{ a=Dbufi]; }
arep = W(al;

Figure 8: Program for the pattern a(b|c)*
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a then adel is not present, and its value, —1 in the example, is used directly in the code. Thus the code fragment
produced for lines 7-9 and state 4 is further optimized to become:

co4 —=1,
if (t=B03+arep['b’]) > C04) C04 =t;
if ((t=C03-1) > C04) C04 =t;

All insertion costs are known to the program-producing program and so it can a priori determine the C-values for
row 0. These values are compiled directly into the code of Figure 8.

By evaluating deletion edges into a vertex first, the only states from row i —1 that need to be retained in B-
variables are those with substitution edges out of them. In the example, this substantially reduces the number of
assignments to transfer C-values to B-values at the start of each iteration, i.e. only C00 and CO3 need to be saved in
B-variables. Finaly, the only states that must be evaluated in the second sweep of lines 11-12 are those that are
within the scope of a back edge, i.e. the head of the back edge is a predecessor of the state and its tail is a proper
successor with respect to a topological ordering of states. In the example, only states 3, 4, and 5 are within a back
edge, and the second sweep is appropriately reduced.

Three programs were written in the C language for the first scan of the key pairs search algorithm. The first pro-
gram implements the column-sum algorithm of Figure 6; the second produces a program for column-sum costs asin
Figure 8; the third implements the gap-penalty algorithm of Figure 7. Figure 9 gives the scanning speed (time per
character of A) of each program for several choices of R when run on aVAX 11/780 under UNIX 4.3bsd. Handling
gap-penalties requires an average of 2.1 times as much processing per character as the column-sum program. The
compiled column-sum program is 4.7 times faster on average than its interpretive counterpart. This speedup is for
the case of integer weights. Equivalent experiments for real values gives a smaller factor of 2.7 since a greater per-
centage of timeis spent performing arithmetic. When run with a pattern that is just a sequence (e.g. the first pattern
in Figure 9), the column-sum programs perform the same computations as Sellers' evolutionary distance algorithm
(Sellers, 1980), and so generalize it. On such patterns, the compiled program is 2.3 times faster than a program
implementing Sellers’ algorithm, further illustrating the power of our method of speedup.

Pattern R Number of Column-sum  Column-sum  Gap-penalty
StatesinFrg | (Interpreted) (Compiled) (Interpreted)
keyword 8 325 85 669
one..?.2two 15 561 121 1173
apha|beta]gamma 19 698 159 1448
[0-9]+\.[0-9]* (E(\+|-)[0-9]+)? 20 726 123 1559

Figure 9: Timing datain micro-seconds per character.

7. Extensions. By generalizing a recursive divide-and-conquer algorithm of Hirschberg (1975) for delivering long-
est common subsequences, we extend our O(MN)-time, O(N)-space optimal score algorithm to deliver an optimal
alignment and its sequence in R in O(MN log M) time and O(N + log M) space. It is further shown that only
O(MN) time is required when R corresponds to a directed network, i.e. when R does not contain *. Finally, a cubic
time algorithm is devel oped for the approximate regular expression matching problem under scoring schemes where
gaps are penalized according to an increasing but otherwise arbitrary function of their length.

7.1. Optimal alignmentsin linear space. The central idea to delivering an optimal alignment in O(N + log M)
space is to find the ‘midpoint’ of an optimal alignment using a ‘forward’ and a ‘reverse’ application of the O(N)-
space cost-only algorithm of Figure 6. Once an optima midpoint is found, an optimal alignment can be delivered
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by recursively determining optimal alignments on both sides of this midpoint. Throughout, we will consider the
problem of comparing A and automaton F (= FR).

Suppose M > 1andleti* =|M/2|. Inaforward phase, the column-sum cost-only algorithm is applied to A«
and F, resulting in a vector C for which C(s) is the maximum cost of an alignment between A;. and Lg(s). Let
rev(A) denotethereverse of A, i.e. ayay -1 - - - a;, and let AT denote the suffix a;, 1@, - - - ay of A. Let rev(F)
be the automaton obtained by reversing the direction of every edge in F and reversing the roles of 6 and @. Let
L{(s) be the set of sequences spelled by paths from s to ¢ in automaton F. In areverse phase, the cost-only ago-
rithm is applied to rev(A) v -i= and rev(F), resulting in a vector D for which D(s) is the maximum cost of an align-
ment between rev(A) y-i= and Le,r) (S). But rev(A)y—i» = rev(AL) and L, (S) = rev(LE(s)) where rev(L) =
{ rev(w) : wOL}. ThusD(s) isthe maximum cost of an alignment between Al and L{(s).

Given vectors C and D, the midpoint of an optimal alignment can be found using the following observation. For
any optima alignment of A and F there exists a state s* [0 V such that the alignment is the concatenation of an
optimal alignment of A« and L (s*) and an optimal alignment of Ax and L{ (s*). Thus the optimal score between
A and F is given by TDa\>/<{C(s) + D(s) }. If the maximum is attained for state s*, then (i*, s*) is an optimal mid-

point for the problem. Let F  be the automaton obtained by setting 8 to s, @ to t, and removing the edges and ver-
tices not on a path from stot. Given an optimal midpoint, an optimal alignment can then be delivered by (i) recur-
sively finding an optimal alignment between A« and Fg o, and (ii) recursively finding an optimal aignment
between A and Fg: .

Figure 10 outlines an O(N + log M)-space alignment algorithm that writes an optimal alignment using the
divide-and-conquer principle. The boundary case, M < 1, is handled by using a trace-back algorithm to deliver an
optimal alignment. This requires only O(N) space since M < 1. Both the trace-back and cost-only agorithms
within diff must be run on automaton F ; for arbitrary sand t. A topological ordering of the relevant vertices of
such an automaton can be constructed from F in O(N) time and space and then be discarded once the particular step
iscomplete.

shared vectors C[1..|V]], D[1..|V]]

procedure DIFF(A, F)
{ diff(A, F,|A],0,¢}

procedure diff(A, F, m, s, t)

{ ifm< 1then

Find and output the optimal alignment between A and F s ; with a trace-back algorithm.
ese
{i-[m2

Compute C with cost-only algorithm on A; and F ;.
Compute D with cost-only algorithm on rev(A) ,,-; and rev(F), s.
Findr O V maximizing max { C(r)+D(r) }.
Diff(A;, F,i,s 1)
Diff(AT, F, m—i,r, 1)

Figure 10: Skeleton of a O(N)-space alignment-delivering algorithm.

The agorithm uses O(N + log M) space: O(N) for the globally shared vectors, the trace-back algorithm, and
the construction of F , and O(log M) for the implicit activation stack needed for no more than [log, M] + 1
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levels of recursion. Let N be the size of F, let n < N be the size of the automaton F (, and let T(m, n) be the time
taken by  diff(A, F, m, s, t). Then for a suitably large constant ¢, T(m,n) <
c(m+N) + T(m, ny) + T(m, n,) for ny;,n, <N when m> 1, and T(1,n) < cN. It then follows that
T(M, N) isO(MN log M) where M isthe length of A.

The divide-and-conquer approach also applies to the gap-penalty algorithm of Figure 7. The midpoint division
step is more complex but follows the approach of Myers and Miller (1988b) for the case of two sequences. Further-
more, when R corresponds to a directed network (Sankoff and Kruskal, 1983), it followsthat n; + n, < n+1inthe
above recurrence. With thisadditional condition, it followsthat T(M, N) isO(MN).

7.2. Length-dependent block indel costs. The column-sum and gap-penalty cost models treated in this paper are
scoring models for which the costs of insertion and deletion pairs depend on the unaligned symbol. A number of
investigators (Fitch and Smith, 1983; Waterman, 1984; Waterman, Smith, and Beyer, 1976) have proposed scoring

a,a aky . . .
models where the cost of a gap, eg., y = sl 52 ce sk , is a function, w,, of its length k and not the symbols
ai, a,, - a, within it. Given a scoring function o for aligned pairs and a gap-penalty function w,, the score,

Score e (S), of an aignment is Z{c([g]) : [g] isinSanda,b#¢e} - 3 {w,y:yisagapof §. Severd dif-
ferent classes of functions w are of algorithmic and biological interest. Uniform gap costs, wy = ck for some ¢, and
affine gap costs, wy = ck +d for some ¢ and d, are properly subsumed by the column-sum and gap-penalty models,
respectively. Both can thus be optimized in O(MN) time. For the case where w is concave, an O(MN log MN)-
time algorithm for optimally aligning two sequences was given by Miller and Myers (1988b). Waterman, Smith and
Beyer (1976) gave an O(MN(M + N))-time agorithm for optimally aligning sequences when w is arbitrary.

In this section we consider the case where w is monotone-increasing, i.e. w, = wy_4. For most of the treatment,
we also assume that w is sub-additive, i.e. Wy, < Wy, + W,,. To optimize Scoree, (S) over al aignments S of A
and B O R, where Risaregular expression, the appropriate edit graph, K 5 g, consists of G, g with some additional
edges. Let W={vOV : v =0o0rA(v) # €}. The added edges are as follows.

1 If i0[2,M], kO[2,i], ard sOW, then there is a block deletion edge (i-k,s) - (i,s) labeled
Qj-k+18i-k+2 """ i
[ : ]

2. 1f id[o,M], tOW, sOV, and there is a path from t to s in Frg, then there is a block insertion edge
(i, t) - (i, s) labeled [E] where B is a shortest sequence spelled by some path fromttosin Frg.

K, r isweighted as follows. Insertion and deletion edges labeled y are weighted —w, . Substitution edges labeled
mare weighted o (1) and n-labeled edges are weighted 0.

Asfor G, g, dignments between A and R are modeled by paths from © to ® in K, r. Moreover, two consecu-
tive insertion edges in a path can be replaced with a single edge without decreasing the path’ s total weight sincew is
increasing and sub-additive. The same istrue for consecutive deletion edges because w is sub-additive. Thus paths
corresponding to optimal alignments can be assumed to be simple, i.e. to not contain consecutive deletion or con-
secutive insertion edges.

To compute an optimal aignment it suffices to give a node listing for the class of simple paths from © to ® in
Ka g L€ts;, sy, -+, S, beany ordering of V - {6}, and let ty, t,, - - -, t;, beany ordering of W={vOV:v =18
orA(v) Z€}. ThenTl =1¢T111Tol5 - Tyl iSanode listing for the set of simple paths from © to ®, where1; =
(i,s0)(i,81) - -~ (i,sp),andt; =(i, t1)(i, tp) --- (i, ty). Thisfollowssince the vertices on asimple path that lie
inrow i, if they exist, consist of (i, t) for some tdW, possibly followed by some (i, s) reached from (i, t) by asin-
gleinsertion edge.
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Prior to the node listing algorithm proper, the cost of an insertion edge from (i, t) to (i, s) must be computed.
Let Short(t, s) be the length of the shortest sequence spelled on a path fromttosin Frg, if it exists. Short(t, s) for
afixed t can be computed in O(N log N) time using the 0/1-weight version of Dijkstra’ s single-source shortest paths
algorithm (Aho, Hopcroft, and Ullman, 1983), Let w(t, s) be «, a suitably large constant, if Short(t, s) does not
exist, 0 if Short(t, s) = 0, and Waor(t, s) Otherwise. An NxN table of w(t, s) for al t and s, can be built with N
application of Dijkstra's algorithm in atotal of O(N? log N) time and O(N?) space.

Specializing the node listing agorithm for the node listing M leads to the algorithm of Figure 11. Line 3
employs the observation that a vertex (0, s), with s # 6, that lies on a simple path from 6 must be reached from 6 by
asingle edge of cost — (0, s). Lines5-6 leave C(i, s) equal to the maximum cost of a simple path from @ to (i, S)
that reaches (i, s) by an edge from an earlier row. Lines 7-11 update C(i, S) to account for the sole possible inser-
tionedgeinrow i.

Step 0 of the algorithm of Figure 11 takes O(N? log N) time and O(N?) space. The algorithm proper is readily
seen to require O(MN(M +N)) time and O(MN) space since al C-values must be retained, even in the cost-only
case. Thus, Figure 11 givesan O(MN(M +N) +N? log N)-time, O(N(M + N))-space algorithm for comparing A to
R under a monotone-increasing and sub-additive gap-penalty scoring scheme o, w.

If w is not sub-additive, then one must constrain the computation to consider only simple pathsin K 4 g, for the
weight of these paths correspond to the score of their alignments, while those of non-simple paths do not. This may
be accomplished by constructing a graph K, r that models only the simple paths of K 5 g. Thisgraph is obtained by
a three-fold node splitting similar to the ones used to construct G4 g and Hax r. The node listing algorithm that
results from K g isonly aconstant factor slower than that of Figure 11.

0. ‘“‘Precompute w'’

1. C(0,8) -0

2. forsOV -{6}do

3. C(0,s) « —w(8B, s)

4. fori ~ 1toMdo

5. { for sOWdo

6. c(i,s) « max{krDT%]{C(i —k.s) - wy}, max {C(i-1,1) + “[A?is)]}}
7. for sOV - {6} do

8. if s Wthen

9. C(i, s) « max{C(i, s), %av>v<{C(i, t) - w(t, s)} }
10. else

11. C(i, s) « %avf/({c(l’ t) - w(t, s)}

12. }

13. write"Similarity scoreis' C(M, @)

Figure 11: The approximate match algorithm with arbitrary gap scores.

7.3. Open problems. A gap-penaty function w is concave if and only if wy —wy_; = w1 —w, for al k > 1.
For the case of concave gap-penalties, Miller and Myers (1988b) reduced the time complexity from O(MN(M +N))
to O(MN log MN) time when comparing two sequences. The question as to whether there is a sub-cubic algorithm
for approximate regular expression matching under concave gap-penalties is open. Also, we conjecture that there is
a node listing based, O(MN)-time algorithm for comparing regular expressions R and S i.e. find the score of the
best alignment between a sequence in R and asequencein S
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