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Previous studies on network topology of artiﬁcial gene regulatory networks created by
whole genome duplication and divergence processes show subgraph distributions similar to gene regulatory networks found in nature. In particular, certain network motifs
are prominent in both types of networks. In this contribution, we analyze how duplication and divergence processes inﬂuence network topology and preferential generation of
network motifs. We show that in the artiﬁcial model such preference originates from a
stronger preservation of protein than regulatory sites by duplication and divergence. If
these results can be transferred to regulatory networks in nature, we can infer that after
duplication the paralogous transcription factor binding site is less likely to be preserved
than the corresponding paralogous protein.
Keywords: Gene duplication; network motif; gene regulatory networks; artiﬁcial regulatory networks.

1. Introduction
Understanding genetic regulatory networks (GRNs) is essential to gain understanding of cell development, diﬀerentiation and organization; cell functions and malfunctions; and, ultimately, cell control aiming at the discovery of drugs against speciﬁc
diseases. For the structural analysis of GRNs, the study of network motifs has
become a useful approach to identify the network’s basic building blocks [22,28,34].
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Network motifs are subgraphs which occur in a given network signiﬁcantly more
often than in random networks, i.e. they are over-represented compared to what is
to be expected on average [23]. The over-representation of certain network motifs
is usually associated with a functional advantage for the system. In this sense, the
study of network motifs might help to bridge the gap between the structure and
function of regulatory networks. Mostly, basic network motifs have been studied so
far, consisting of three or four nodes [28].
This contribution studies the origin of particular network motifs in an artiﬁcial
regulatory network (ARN) model ﬁrst introduced by Banzhaf [3, 4]. This model
system has been examined earlier in terms of network topology (scale-free/small
world topologies and network motifs) [5, 18, 20] and dynamics [19, 20] when created
through a whole genome duplication and divergence process. Of particular note,
the ARN model was explored in terms of its subgraph distribution and compared
to distributions of the genetic transcriptional regulatory networks of Escherichia
coli and Saccharomyces cerevisiae [5, 20]. Results show that there is a similarity
between natural subgraph distribution and the subgraph distribution for ARNs,
provided these are created by duplication and divergence processes as opposed to
completely randomly generated networks.
In particular, certain network motifs detected in GRNs in high numbers can
be found in the ARN model in high numbers as well. It is interesting to note that
duplication and divergence networks are more similar to the eukaryotic Saccharomyces cerevisiae than to the prokaryotic Escherichia coli [20]. This suggests that
the topology has been shaped by duplication events in Saccharomyces cerevisiae’s
evolutionary history. In fact, there are hints that over 90% of eukaryotic genes are
created by gene duplication [32].
We have previously argued that the distribution of motifs is essentially shaped
by the underlying process of network generation, i.e. by duplication and divergence, rather than by evolutionary selection pressure for function, which might
be a secondary force shaping networks [5]. It is believed that gene duplication
with subsequent functional divergence provided novel genes for organisms, thus
facilitating adaptation, and entailing diversiﬁcation. There is currently evidence
for gene duplications in yeast [8, 9, 15, 32, 33], Escherichia coli [1, 2, 9] and vertebrates [10,11,24,27,29]. In particular, whole genome duplication has been proposed
as a mechanism for generating novelty in the genome and may give a reasonable
explanation for speciation [25,30]. Speciﬁcally, in yeast there is evidence that whole
genome duplication has eﬀectively rewired the yeast network allowing for rapid
anaerobic growth via the loss of a speciﬁc cis-regulatory element from dozens of
genes [13]. However, it is still an open question as to how the variety of functions
and the inherent modularity seen in present day organisms could emerge from duplication processes [12]. Therefore, we here embark on a study to understand how such
processes can inﬂuence network topology.
In Refs. 5 and 20, genomes created by whole genome duplication and divergence
reveal that particular network motifs, identiﬁed as ID-12 and ID-22 (see Fig. 1)

July 1, 2007 14:59 WSPC/169-ACS

00099

Analysis of Preferential Network Motif Generation

157

Fig. 1. From left to right: ID-0 (single-output motif), ID-12 (single-input motif) and ID-22
(equivalent to ID-12 with an additional auto-regulatory connection at the single input node).

duplication

2x

+

2x

Fig. 2. The eﬀect of one whole genome duplication on the simplest regulatory interaction. The
resulting 4-node network with two input and two output nodes is the so-called bi-fan motif.

occur much more often than motif ID-0. This is, however, not the case in ARNs
generated by randomly selecting the genome [5]. One would expect both motifs to
occur with nearly the same frequency if they were solely created by an unbiased
duplication of the simplest two-node motif (one protein interacting with another
gene). Figure 2 depicts one DD-step on such a network showing that both singleinput and single-output modules should be generated in (approximately) the same
numbers.
Since this was also found to be the case in the natural GRNs of Escherichia
coli and Saccharomyces cerevisiae, it is informative to study why whole genome
duplication and divergence demonstrates a preference for the generation of ID-12
and 22. It should also be noted that ID-12 can be considered part of the bi-fan
motif [14], which can be created by repeated duplications of the aforementioned
two-node motif.
A recent study [25] has shown that network motifs that provide for reliable
dynamics in the presence of noise are more abundant in biological networks.
Although in this study ID-0 and ID-12 have the same “graph reliability,” indicating that a selective advantage through robustness cannot (solely) explain the motif
preference discussed here, it suggests that speciﬁc network motifs may be favored
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in evolution due to an associated functional advantage. However, we believe that
not only functionality shapes the topology of biological networks and contributes
to preferential motif generation but also the underlying mechanisms that create the
network topology.
Research in Refs. 1 and 32 proposed that network motifs are not created by
duplication events but are built by incremental evolution of gene interactions.
It was also suggested in Ref. 7 that network motifs are found through convergent evolution — not through any duplication processes. Even if this would in
fact be the case, understanding why a whole genome duplication and divergence
procedure preferentially generates motifs of ID-12 and ID-22 rather than ID-0
is valuable. It could shed light on possible explanations for why such preference
occurs in nature and why there is a similarity between subgraph distributions in
GRNs and ARNs [5]. An examination of this question is the subject of the present
contribution.

2. The Artificial Regulatory Network Model
Our artiﬁcial regulatory network model tries to captures essentials of natural regulatory networks. It consists of a string of binary numbers (bits) representing a
genome with a directional readout comparable to the 5 → 3 direction in DNA.
This artiﬁcial genome carries genes, whose beginning is marked by a unique promoter pattern (consisting of a particular sequence of bits). In our model, genes are
all of identical length, which is not a severe restriction to the model since a termination sequence could be easily introduced as well. In order to keep things simple,
however, such a signal which would cause alternative transcription products, has
not been introduced yet. Genes are “transcribed” into another bit pattern, of a
mobile protein variety. To this end, the information on the gene string is subjected
to a many-to-one-mapping producing a smaller protein bit pattern. Further on,
proteins can attach to the genome by virtue of complementary pattern matching
between the bits carried by the protein and the bits residing on the genome string.
In particular, there are two sites upstream of the promoter signal of a gene which are
considered regulatory sites for enhancing or inhibiting expression of the corresponding gene. There are a couple of parameters of the model, like length of promoter (in
bits), length of gene (in bits, bytes or words/integers), length of proteins and exact
mapping rule, and length of regulatory sites and their distance from the promoter
which need to be ﬁxed in order to make the model work.
In our case, the 8-bit sequence 01010101 is deﬁned as a “promoter” signalling
the start of a gene analogous to an open reading frame (ORF) on DNA. Each gene
has a ﬁxed length of 160 bits divided into ﬁve 32-bit integers. A gene might overlap
with another (if another promoter sequence can be found in the coding region of
a gene). However, for overlapping promoters, only the ﬁrst promoter (starting at
the leftmost bit of a periodically extended promoter) marks a gene. Immediately
upstream from the promoter are the two 32-bit segments identiﬁed as regulatory
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sites for increase (enhancer site) and decrease (inhibitor site) of expression. In total,
a gene is characterized by 232 bits.
Proteins, in turn, are 32-bit sequences constructed from the corresponding gene
by a many-to-one mapping. This mapping is implemented by performing the majority rule on each of the the 32 bit positions in the ﬁve 32-bit integers. The matching
strength between a protein and a regulatory site is determined by applying the XOR
operator on each bit pair of the two 32-bit segments and summing the number of
1s resulting from these operations. A match is established if the matching strength
is greater or equal to a given threshold. Thus, the gene–protein interaction network
as it is determined by the genome string is parametrized by the threshold value.
Figure 3 shows the schematic of a gene and its corresponding protein.
For the purpose of this contribution, we discern matchings between proteins and
regulatory sites as gene–protein interactions in general but do not employ the diﬀerent functionality of enhancer and inhibitor sites. Properly discerning these sites will
lead to diﬀerential transcription of the corresponding genes, and to varying protein
concentrations, a topic that was examined elsewhere [4, 19]. In many respects, our
model is a radical simpliﬁcation of real gene regulatory networks. Yet the hope is
to be able to capture key features of natural systems, even under these simpliﬁed
conditions.
The genome itself (a long bitstring) is created through a series of duplication and
divergence (DD) steps. Starting with a randomly generated 32-bit sequence, during
every DD-step, the whole genome is ﬁrst duplicated and subsequently mutated with
a certain mutation rate, p. That is, the newly created genome is twice as large as
its “ancestral” genome and every bit in the new genome mutates with probability
p. Figure 4 illustrates the DD-process for the ﬁrst ﬁve DD-steps.
Naturally, each ARN can be visualized by a directed graph where nodes represent gene/protein pairs and edges represent interactions between them. An edge
points from one node to another if the protein corresponding to the ﬁrst node
(source) matches a regulatory site of the gene corresponding to the second node
(destination). It has been shown that artiﬁcial regulatory networks created by whole

Fig. 3.

Schematic view of a gene and the protein generation mechanism in the ARN model.
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Fig. 4. Schematic view of ﬁve DD-steps. Each square represents 32 bits. The original bit string
is shown as a white square. Edges in the tree refer to the “phylogeny” by means of consecutive
DD-steps. The squares’ grey values correspond to the number of DD-steps. A gene is marked in the
genome after ﬁve DD-steps. Bold edges illustrate the paths to the most recent common ancestor
between two 32-bit blocks in the gene (unless this ancestor is the original 32 bit sequence).

genome duplication and divergence at certain thresholds of matching strength display the characteristics of small-world [20] and scale-free network topologies [18]
and carry network motifs [5].
Note that by changing the threshold, the genome itself does not change. It is in
fact the connectivity or interactivity between genes and proteins (the topology of the
network) that changes with varying threshold levels. In this work, ARN genomes
were generated by 12 whole genome DD-steps with a mutation rate of 1% on a
random 32-bit string. The threshold was determined by iteratively increasing its
value until the ratio of the number of edges to the number of vertices in the network
became equal to or less than two to one which was the approximate observed ratio
for two regulatory networks found in nature [5].
3. Analysis
To understand how preferential motif generation arises as a result of the duplication
and divergence process, we need to have a closer look at the creation, derivation
and ancestry of genes.
Let GM denote the genome after M DD-steps and let lM = 32 ∗ 2M be its
denote the bit at position i in GM . In a single DDlength. Moreover, let xM
i
step, GM → GM+1 , the current genome is duplicated and mutated. Every bit xM
i ,
i = 1, . . . , lM , in GM is the template or direct ancestor for exactly two bits in the
M
and xM+1
newly generated genome GM+1 , namely, for xM+1
i
i+lM . In other words, xi
is the direct ancestor of xM+1
if and only if j ≡ i (mod lM ). The entire DD-process
j
is a series of DD-steps G0 → G1 → · · · → GN , starting with the original 32-bit
genome sequence G0 (l0 = 32). A speciﬁc bit xN
i at position i in GN is successively
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−1
k+1
k
derived from N − 1 bits x0j0 , x1j1 , . . . , xN
jN −1 , where xjk is the direct ancestor of xjk+1 .
N
These bits will be designated as ancestors of xi .
N
Two bits xN
i and xj , i = j, have a common ancestor in GM , 0 ≤ M < N , if
and only if i ≡ j (mod lM ). The common ancestor is bit xM
k with 1 ≤ k ≤ lM and
N
N
is
an
ancestor
of
x
and
x
with
i, j < lN and k < lM
k ≡ i ≡ j (mod lM ). If xM
i
j
k
N
N
then xM
is
a
common
ancestor
of
x
and
x
.
In
case
of
k = lM , xM
1 is the
i+1
j+1
k+1
N
and
x
.
The
latest
(most
recent)
common
ancestor
of
common ancestor of xN
i+1
j+1
N
N
M
two arbitrary bits xi and xj is the common ancestor xk in GM such that neither
nor xM+1
xM+1
k
k+lM is a common ancestor in GM+1 . In this case, the diﬀerence N − M
is a measure for the “phylogenetic distance” in the number of DD-steps between
the bits at position i and j in GN .
Using the deﬁnition of ancestry for single bits the deﬁnition of ancestry for
bit sequences and genes is straightforward. It goes without saying that genes have
ancestors which are not genes because they do not have full gene size (232 bits) or
an ORF. In fact, at the earliest after three DD-steps (genome length of 256) it is
possible that a valid gene is generated. Ignoring their real nature, we will still call
N
N
N
N N
N
these ancestors genes. Let giN = xN
i xi+1 · · · xi+L−1 and gj = xj xj+1 · · · xj+L−1
be two genes of length L starting at positions i and j, i = j, in genome GN . They
both share a common ancestor in GM with 0 ≤ M < N , if and only if any (and
N
hence every) two bits xN
i+k , xj+k , with 0 ≤ k < L, have a common ancestor in
GM . The latest common ancestral gene is deﬁned analogous to the latest common
ancestral bit. With GM being the latest common ancestor of giN and gjN , N − M is
the phylogenetic distance, that is, the number of DD-steps since the single common
phylogenetic lineage of the two genes divided into two separate lineages creating
two paralogous genes.
According to the size of the most recent common ancestor we distinguish
between total ancestry (full gene size, cf. Fig. 5) and partial ancestry (less than
full gene size, cf. Fig. 6). For total ancestry, the phylogenetic distance between

...
dd+3
dd+2
dd+1
dd
dd-1

...
Fig. 5. Example of total ancestry of two genes from a single gene. Arrows mark the “phylogeny.”
Light-grey boxes represent other sequences/genes derived from the earliest ancestor which is generated after dd duplications. Divergence is not considered in this scheme.
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Fig. 6. Example of partial ancestry. The latest common ancestor of the two genes, marked grey
and striped, is the original 32-bit sequence. Those bits representing the ORFs are marked black.
Before the third duplication, ancestors overlap themselves several times. After six duplications, the
two separate, non-overlapping ancestors of full size are created. In this representation, genomes
are depicted with constant length. Their real length is shown on the right. Divergence is not
considered in this scheme.

genes is limited by N − 3 due to the limited genome size. In the case of partial
ancestry there is a lower limit for the phylogenetic distance of two. It might also
happen that the latest common ancestor is folded multiple times (its bits are the
ancestors for several bits in the two genes) and that after division the separated
ancestors overlap each other. Ancestry of genes, either total or partial, will be
determined by the position of the ancestor’s promoter region. The diﬀerentiation
between non-ancestry, partial and total ancestry will simplify our analysis.
3.1. Robustness and similarity
Given two bit sequences of the same length, their similarity can be measured by the
number of bit positions with equal bits. For this analysis, however, it is more suitable
to deﬁne similarity between two bits xi and yi as the probability P (xi = yi ) that
they are equal. Thus, similarity Sx,y between two bit sequences x = x1 , . . . , xm and
y = y1 , . . . , ym of length m can be deﬁned as the normalized sum of bit similarities
for every bit position:
m

Sx,y =

1 
P (xi = yi ).
m i=1

In the following section, we will show that strong similarities between pairs of
genes or proteins, respectively, with partial or total ancestry play a crucial role in
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the generation of preferential motifs. In particular, due to the majority rule (which
is an example of a many-to-one mapping) proteins are better preserved and thus
more similar than regulatory sites. We argue that this form of robustness mechanism
will inevitably lead to a preferential generation of single-input motifs.
The similarity between two genes giN , gjN and, thus, between the two corresponding proteins, in GN depends on the level of ancestry (non, partial, total), the
number of DD-steps Nb until the latest common ancestor is generated in GNb and
the phylogenetic distance Na = N − Nb . For two uncorrelated genes without common ancestor the similarity of regulatory sites and of the corresponding proteins is
50%. This is so because every two bits (at the same relative position in the genes)
are generated independent of each other and the generation of 1s or 0s in the protein
is unbiased.
For genes with total ancestry we have to calculate the similarity of protein pairs
and regulatory site pairs diﬀerently. We refer to the appendix for a more detailed
discussion of the main steps of this calculation. Table 1 lists the similarities between
two related bits in the genes/regulatory sites for a given phylogenetic distance Na
(cf. Appendix A.3). Table 2 shows the similarities between two related protein bits
for certain values of Na and Nb (cf. Appendix A.4). Here, the similarity depends
also on Nb because the distribution of 5-bit pattern in the latest common ancestor
in genome GNb depends on it (cf. Appendix A.2).
Tables 1 and 2 reveal that the probabilities for equal bits in proteins are much
larger compared to the probabilities for equal bits in regulatory sites. For example,
a gene g might be generated after the ﬁfth DD-step (Nb = 5). After another Na = 7
DD-steps, two proteins p1 and p2 (built by two genes g1 and g2 with latest common
ancestor g) have a similarity of 97.88%. The similarity of the two corresponding
regulatory sites, however, is just 87.68%.
In the event of partial ancestry of two genes, we have to consider the possibility of overlappings, that is, there is no common ancestor in the genome but

Table 1. Probability (in %) that two bits which are derived by Na
DD-steps from the same original (latest common ancestor) bit, X,
are both equal to X, both equal to Y = NOT X or diﬀerent. The
last column shows the probabilities that the two bits are identical.
Na

P (XX)

P (Y Y )

P (XY ) = P (Y X)

1
2
3
4
5
6
7
8
9
10

98.01
96.08
94.21
92.39
90.62
88.91
87.25
85.63
84.07
82.54

0.01
0.04
0.09
0.15
0.23
0.33
0.43
0.56
0.69
0.84

0.99
1.94
2.85
3.73
4.57
5.38
6.16
6.91
7.62
8.31

P (XX) + P (Y Y )
98.02
96.12
94.29
92.54
90.85
89.24
87.68
86.19
84.76
83.38
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Table 2. Probability that two protein bits, both derived by Na DD-steps from an ancestral 5-bit
gene pattern created after Nb DD-steps from the original 32-bit sequence are equal. Probabilities
are given in % and are rounded to two decimal places.
Nb

Na

1
2
3
4
5
6
7
8
9
10

3

4

5

6

7

8

9

10

99.82
99.63
99.43
99.21
98.96
98.69
98.38
98.03
97.65
97.22

99.79
99.58
99.34
99.09
98.80
98.49
98.14
97.75
97.33
96.87

99.76
99.51
99.24
98.95
98.62
98.27
97.88
97.45
96.98
96.49

99.73
99.44
99.13
98.79
98.42
98.03
97.59
97.13
96.62
96.09

99.68
99.35
99.00
98.62
98.21
97.77
97.29
96.79
96.25
95.68

99.64
99.26
98.85
98.43
97.98
97.49
96.98
96.44
95.86
95.26

99.58
99.15
98.70
98.23
97.73
97.21
96.65
96.07
95.46
94.82

99.53
99.04
98.54
98.02
97.48
96.91
96.32
95.70
95.06
94.39

the two separated ancestors still share genetic material. An ancestor’s sequence can
be shifted by between one and seven 32-bit blocks with respect to the other. There
is only one possible overlapping (a shift by 32-bits) such that the regulatory site
(the inhibition site) of one gene matches the regulatory site (the enhancer site)
of the other gene. In this case, four out of ﬁve protein coding 32-bit blocks are
equal and, due to the majority rule, proteins will still be better preserved in the
ongoing DD-process than regulatory sites. Thus, the similarity between regulatory
sites of the two genes is less aﬀected by overlappings than the similarity between
the corresponding proteins. Generally speaking, for partial ancestry the diﬀerence
in similarities between protein and regulatory site pairs will be slightly increased
compared to total ancestry.
It is already intuitively clear that the diﬀerence in similarity between proteins
and regulatory sites causes a bias toward the creation of ID-12 motifs: if protein p1 interacts with gene g1 , it is on average more likely (because of the higher
similarity between proteins) that another protein p2 also interacts with g1 than that
p1 interacts with another gene g2 .
3.2. Simulation results
The following simulation results conﬁrm the theoretical analysis previously presented: we analyzed 10,000 ARN genomes each generated by 12 DD-steps under
a 1% mutation rate with regard to the similarity between proteins and regulatory
sites. Figure 7 shows the average similarities between proteins and between regulatory sites separately for genes with total and partial ancestry. The diﬀerence
between the average similarities of pairs of proteins and pairs of regulatory sites
of total ancestry increases with the phylogenetic distance (ﬁrst nine columns). The
similarity between proteins is over 97% for all nine categories. For the eight phylogenetic distances for which genes with total and partial ancestry exist, the similarities
for pairs of proteins and regulatory sites resulting from partial ancestry (columns
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Reg. Sites (Total Ancestry)
Reg. Sites (Partial Ancestry)

1

Avg. Similarity

0.95

0.9

0.85
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8

9

10

11

12

Phylogenetic Distance
Fig. 7. Average similarity between pairs of proteins/regulatory sites of total (left two bars) and
partial ancestry (right two bars) of same phylogenetic distance in genomes created by 12 DD-steps
with 1% mutation.

2–12) are almost identical to those resulting from total ancestry. For higher phylogenetic distances (9 ≤ 12) for gene pairs with partial ancestry, the trend towards
larger diﬀerences in similarity continues. In other words, more divergence steps
lead to a larger diﬀerence in the similarities between the robust proteins and the
“unprotected” regulatory sites. This is consistent with our analysis.
The average similarity between unrelated proteins and between regulatory sites
whose corresponding genes do not have common ancestors is 50%. This is so because
the bits being compared originate from two diﬀerent randomly generated bits in the
32-bit starting sequence. The proportion of the number of gene pairs being in either
total or partial ancestry for the diﬀerent phylogenetic distances is shown in Fig. 8.
The sum of the proportions for both ancestries increases rapidly with the phylogenetic distance and hence the number of DD-steps. The largest contribution comes
from the category representing gene pairs with partial ancestry and a phylogenetic
distance of 12. In total, about 55% of all gene pairs (7.6 × 104 pairs per ARN on
average) can be classiﬁed by the sort of ancestry and the phylogenetic distance.
The remaining 45% are unrelated pairs of genes. It was expected that related pairs
occur in signiﬁcant numbers since they contribute to preferential motif generation.
3.3. Combinatorics at work
The duplication and divergence process induces a combinatorial eﬀect on the motif
counts, which increases the number of preferential motifs. Combinatorics is at play
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Fig. 8. Proportion of the number of gene pairs with total and partial ancestry according to the
phylogenetic distance.

because duplication acts like preferential attachment that tends to create hubs [18,
20]: by connecting a node with a hub, this node, the hub, and any third node
connected to the hub form a three-node motif which contributes to the motif count.
Thus, with every node added to the existing hub-subnetwork, a multitude of new
motifs is created.
The combinatorial impact on the preferential motif generation is easily understood when looking at the two diﬀerent motifs and adding a “suﬃciently similar”
protein P (cf. Fig. 9). Here, suﬃcient means that P is similar enough to one or
more proteins in the motifs to establish identical regulatory interactions. For an
ID-0 motif — protein P1 interacting with two genes G1 and G2 — the additional
protein interacts with G1 and G2 as well and one new ID-0 motif is created. However, when added to an ID-12 motif — two proteins P1 and P2 interacting with gene
G1 — protein P would generate two new ID-12 motifs, one in combination with
each of the two proteins P1 and P2 . With every additional suﬃciently similar protein, the number of ID-0 motifs increases by one while the number of ID-12 motifs
increases by the number of proteins already interacting with the corresponding gene
(assuming that there are no other gene–protein interactions preventing the creation
of the motif). Hence, when a single input node becomes a hub, the number of ID-12
motifs multiplies rapidly by sharing edges with other motifs.
Of course, when adding suﬃciently similar genes instead of proteins, we would
observe the opposite eﬀect, namely, that instead of ID-12 motifs, ID-0 motifs are
produced in larger numbers. But we already know from our analysis above that it is
much more likely that another protein will match the same gene than that another
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Fig. 9. Left: adding a protein P which is “suﬃciently similar” to protein P1 participating in the
given ID-0 motif creates one additional ID-0 motif. Right: adding a protein P which is “suﬃciently
similar” to protein P1 (and therefore also to P2 ) participating in the given ID-12 motif creates
two additional ID-12 motifs.

gene will be matched by the same protein. Therefore, due to combinatorics, the
number of ID-12 motifs will increase. In summary, it can be stated that combinatorics ampliﬁes the eﬀect of preferential network motif generation. By counting
motifs with the same hub (e.g. several proteins matching to a gene’s regulatory site)
as one motif, we might deduce the speciﬁc eﬀects of combinatorics on preferential
network motif generation.
Simulations showed that mainly hubs and not multiple occurrences of singlemotifs were found in the subgraph counts. This also corresponds to assumptions
formulated in Ref. 21 according to which network motifs in a regulatory network of
Saccharomyces cerevisiae are not isolated but concentrated, thereby sharing edges
and nodes.

4. Conclusions
In this contribution, explanations for the observation of preferential network motif
generation in the ARN model created by a whole genome duplication and divergence
process have been investigated. It was found that a protein generation mechanism
based on the majority rule introduces robustness into the DD-process: mutations in
the genome do not necessarily lead to changes in the resulting protein and, in fact,
the probability for such a change is rather small. The diﬀerence in preservation of
proteins on the one hand and regulatory sites on the other by the duplication and
divergence mechanism results in preferential generation of motifs ID-12 and ID-22
rather than ID-0. The larger the number of DD-steps the stronger the robustness
of the majority rule mechanism and subsequent preferential motif generation. Due
to the method in which those motifs are counted combinatorics becomes eﬀective
and ampliﬁes the number of preferential motifs.
The detected similarity between subgraph distributions in both GRNs and
ARNs inevitably poses the question: Is there an analog to this artiﬁcial mechanism
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in natural systems? This would require a protein generation mechanism more
tolerant of mutations in the genetic exon sequences than in regulatory sites (transcription factor binding sites). Mechanisms do exist in nature that would lead to the
same eﬀects found here. For instance, the degeneracy of the codon-to-amino acid
mapping performs a similar function. Changes in the constituents of the triplet
codon do not always lead to the generation of a diﬀerent amino acid. Such degeneracy provides a form of robustness to the system analogous to the majority rule of the
ARN model. While proteins often contain critical regions essential to function and
hence are conserved, an estimated 20–30% of human proteins have coding sequences
which have variants in sequence within the population. However, such changes often
have little or no eﬀect on function. In fact proteins with vastly diﬀerent sequences
can share the same function and a common evolutionary history [17]. In particular,
proteins which carry out the same function across distantly related species can vary
considerably in terms of size and amino acid sequence. This could be argued to be
a second source of robustness for proteins.
An argument can also be made that speciﬁc network motifs are favored due to an
associated functional advantage. For example, Ref. 25 found that network motifs
producing a higher reliability of information processing by suppressing eﬀects of
ﬂuctuations occur signiﬁcantly more often in natural than in random networks.
Therefore, it is suggested that the topology of biological networks is shaped by
the selective advantage of a robust dynamics ensuring a reproducible behavior in
the presence of noise. However, the mechanisms creating network topology such
as the one presented here surely have some inﬂuence on network organization.
Such mechanisms can make it more likely that evolution can select such functional
network motifs. In fact, it could be argued that such mechanisms litter the evolutionary history of organisms for the very reason that their occurrence often leads to
beneﬁcial functional changes. Put another way, mechanisms such as whole genome
duplication shape networks not solely through topological means but because such
changes also lead to functional advantages by biasing the way in which evolution
samples the possible space of network conﬁgurations.
If the results of this analysis hold true for natural systems, we can infer that after
a duplication event the paralogous transcription factor binding site is less likely to
be preserved than the corresponding paralogous protein. In other words, subsequent
divergence after duplication would ﬁrst be eﬀected through loss of a binding site
(this creates ID-22). This might be reasonable since it can be postulated that the
paralogous protein might be more conserved because it has multiple functions.
Indeed, evidence is mounting in the molecular biology community that supports
this point of view [6, 26, 31].
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Appendix A. Analysis Details
A.1. Probability for protein bit flips in 5-bit patterns
Let Pn be the probability for a ﬂip in a protein bit after divergence (as part of
a DD-step) where n is the maximal number of equal bits (either 0 or 1) in the
5-bit gene pattern from which the protein bit is calculated before divergence happens. Irrespective of n, for each 5-bit pattern exist 16 possible mutations leading
to patterns with the opposite majority rule outcome, thus causing a bit ﬂip in the
resulting protein bit (e.g. 00011 → 011010). Pn can be readily calculated by adding
up the probabilities that these mutations occur:
P3 = 6 ∗ p5 − 15 ∗ p4 + 16 ∗ p3 − 9 ∗ p2 + 3 ∗ p,
P4 = −6 ∗ p5 + 15 ∗ p4 − 14 ∗ p3 + 6 ∗ p2 ,
P5 = 6 ∗ p5 − 15 ∗ p4 + 10 ∗ p3 ,
with p being the probability for a single bit mutation. For p = 0.01, we obtain
P5 ≈ 0.001%, P4 ≈ 0.059% and P3 ≈ 2.912%.
A.2. Pattern distribution and bit flip probabilities
Since the probability for a bit-ﬂip obviously depends on the 5-bit pattern for which
it is supposed to occur, we must also consider the distribution of patterns, which
is strongly shaped by duplication and divergence. The probabilities for a certain
maximum number of equal bits in a 5-bit pattern are calculated simply by evaluating
all possibilities for 5-bit patterns to occur after a certain number of DD-steps Nb .
Three DD-steps are required until 5-bit patterns (in a 32 bit interval) exist. Each
further DD-step merely results in mutations of the ﬁve bits. These probabilities
and the overall probabilities for a bit ﬂip in the protein after Nb + 1 DD-steps are
shown in Table 3.
A.3. Probability for two related genome bits to be equal
To calculate the probability that two bits are equal (XX or Y Y , Y = NOT X)
when derived by Na DD-steps (the phylogenetic distance) from their latest common
ancestor bit X, we form the transition matrix


XX
XY
YX
YY
 XX (1 − p)2 (1 − p)p (1 − p)p
p2 








2
2
p
(1 − p)p 
 XY (1 − p)p (1 − p)
T=





2
2
 Y X (1 − p)p
p
(1 − p) (1 − p)p 




2
2
YY
p
(1 − p)p (1 − p)p (1 − p)
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Table 3. Columns 2–4 (labeled by the number of equal bits b) list the probabilities (in %)
rounded to two decimal places that a 5-bit pattern belongs to one of three classes assuming Nb
DD-steps have occured. Given a pattern with ﬁve, four or three equal bits, the last row contains
the probability of a bit ﬂip in the majority rule outcome after another DD-step GNb → GNb +1
(cf. Appendix A.1). The ﬁfth column shows the overall probability Pbf (in %) for a bit ﬂip in
the protein assuming that Nb + 1 DD-steps have already occurred. The last column speciﬁes the
similarities S between the two protein bits (before and after the ﬁnal DD-step).
Nb

b=5

b=4

b=3

Pbf

S

3
4
5
6
7
8
9
10
11
12

89.57
85.25
81.18
77.35
73.73
70.32
67.11
64.07
61.20
58.49
0.001

7.35
11.35
14.96
18.21
21.13
23.74
26.08
28.17
30.03
31.68
0.059

3.08
3.39
3.85
4.44
5.14
5.94
6.81
7.76
8.77
9.83
2.912

0.09
0.11
0.12
0.14
0.16
0.19
0.21
0.24
0.27
0.31

99.91
99.89
99.88
99.86
99.84
99.81
99.79
99.76
99.73
99.69

with p being the mutation probability. The probabilities for the four diﬀerent states
of the two bits after Na DD-steps can be read oﬀ in the ﬁrst column of TNa (in
the ﬁrst DD step the two copies of X are generated and mutated; the probabilities
for the four outcomes XX, XY , Y X and Y Y correspond to the ﬁrst column of T).
Table 1 in Sec. 3 lists those probabilities for the phylogenetic distances Na = 1 · · · 10.
A.4. Probability for two related protein bits to be equal
Here, we calculate the probabilities that related bits in two proteins (the corresponding genes have common ancestors) with a phylogenetic distance Na are identical. Let Tp2p be the matrix containing the probabilities for each 5-bit pattern to
mutate into another 5-bit pattern by a single DD-step. Table 4 shows the matrix
coeﬃcients. The tensor square of this matrix, Tpp2pp = Tp2p ⊗ Tp2p , gives us the
probabilities for every combination of two types (according to the maximal number
of equal bits and the majority rule outcome) of 5-bit patterns. This matrix is raised
Table 4. Probabilities (in % and rounded to three decimal places) for divergence of 5-bit patterns.
The patterns are classiﬁed by the number of equal bits, b, and the majority rule outcome p. The
matrix is non-symmetrical and only columns but not rows add up to 1. The column speciﬁes the
pattern before divergence, the row the pattern after divergence.
b; p

5; 0

4; 0

3; 0

5; 1

4; 1

3; 1

5; 0
4; 0
3; 0

95.099
4.803
0.097

0.961
95.138
3.843

0.010
1.921
95.157

0.000
0.000
0.001

0.000
0.000
0.058

0.000
0.029
2.882

5; 1
4; 1
3; 1

0.000
0.000
0.001

0.000
0.000
0.058

0.000
0.029
2.882

95.099
4.803
0.097

0.961
95.138
3.843

0.010
1.921
95.157
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to the Na -th power to calculate the probabilities for the case that Na DD-steps
are carried out after the ancestral gene is build in the process of duplication and
divergence. From this matrix, we extract the probabilities for the two protein bits
to be equal.
We can now calculate the probability that two protein bits, both derived by
Na DD-steps from an ancestral 5-bit gene pattern which was created after Nb DDsteps from the original 32-bit sequence, are equal. Therefore, we just multiply the
a
probabilities extracted from TN
pp2pp with those from Table 3 (cf. Appendix A.2)
specifying the probabilities that the ancestral pattern has a certain pattern type
(with ﬁve, four or three equal bits) after Nb = 3 · · · 10 DD-steps.
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