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Abstract. Whether neutrality has positive or negative eﬀects on evolutionary search is a contentious topic, with reported experimental results
supporting both sides of the debate. Most existing studies use performance statistics, e.g., success rate or search eﬃciency, to investigate if
neutrality, either embedded or artiﬁcially added, can beneﬁt an evolutionary algorithm. Here, we argue that understanding the inﬂuence of
neutrality on evolutionary optimization requires an understanding of the
interplay between robustness and evolvability at the genotypic and phenotypic scales. As a concrete example, we consider a simple linear genetic programming system that is amenable to exhaustive enumeration,
and allows for the full characterization of these properties. We adopt
statistical measurements from RNA systems to quantify robustness and
evolvability at both genotypic and phenotypic levels. Using an ensemble
of random walks, we demonstrate that the beneﬁt of neutrality crucially
depends upon its phenotypic distribution.

1

Introduction

Redundant mappings between genotype and phenotype are common in Genetic
Programming (GP). Such encodings often produce neutrality [1], where many
mutational variants of a genotype produce identical phenotypes. Conﬂicting
opinions have been proposed with regard to the eﬀects of neutrality on evolutionary search. While some studies have found no beneﬁt [2,3,4], others have
claimed that neutrality provides a buﬀer against deleterious genetic perturbation
[5,6] and reduces the risk of premature convergence through an expansion of the
search space [7,8]. As argued in [9], the lack of consensus regarding the beneﬁts of
neutrality largely stem from the overly complex problems, representations, and
search algorithms used in these analyses, which make it diﬃcult to tease apart
the eﬀects of neutrality from other confounding factors. Further, neutrality is
often artiﬁcially added to the problem representation and little attention is paid
to how this alters the ﬁtness landscape [9].
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In natural systems, neutrality is often discussed in terms of robustness, which
can be deﬁned as an organism’s ability to maintain its phenotype in the face of
genetic perturbation. Of particular interest is the relationship between robustness and evolvability [10,11], which can be deﬁned as an organism’s ability to
generate novel phenotypes. At ﬁrst glance, robustness and evolvability appear
contradictory. While the former requires genetic alterations leave the phenotype
intact, the latter requires these alterations be used for the exploration of new
phenotypes. Despite this apparent paradox, empirical analyses of several natural systems have revealed that robustness can actually facilitate evolvability
[12,13,14]. In the cytochrome P450 BM3 protein, for example, increased robustness increases the probability that mutants can exploit new substrates [12].
To elucidate the relationship between robustness and evolvability in natural
systems, several theoretical models have been put forth (e.g., [15,16,17,18]). Central to many of these analyses is the concept of a genotype network (a.k.a. a neutral network), where vertices represent genotypes and edges connect genotypes
that share the same phenotype and can be interconverted via single mutational
events [10]. In this framework, robust phenotypes correspond to large genotype
networks, where most mutations are neutral and therefore leave the phenotype
unchanged. Robust phenotypes are evolvable because a population can diﬀuse
neutrally throughout the genotype network and build up genetic diversity [16],
which facilitates access to novel phenotypes through non-neutral mutations into
adjacent genotype networks [10].
One of the primary advantages of discussing neutrality in terms of robustness
is that an exact measure of neutrality can be speciﬁcally assigned to each genotype and phenotype. This in turn allows for an assessment of the distribution of
neutrality at both the genotypic and phenotypic scales. Further, it allows for a
quantitative analysis of the relationship between robustness and evolvability. For
GP, this oﬀers a marked improvement over previous neutrality analyses, which
typically use only performance statistics, such as success rate or search eﬃciency,
to estimate how neutrality aﬀects evolutionary search.
The exact distributions of neutrality, at the level of the genotype and phenotype, have never been explicitly characterized in a GP system. As such, the
inﬂuence of robustness on evolvability, and in turn on search performance, is
not well understood. Further, the ease with which a phenotype can be accessed
in an evolutionary search, and how this relates to robustness and evolvability
at the genotypic and phenotypic scales, has not been addressed. To elucidate
these relationships, we extend the work of [19] by exhaustively characterizing
the search space of a simple Linear Genetic Programming (LGP) representation
used to solve a Boolean search problem. This system oﬀers several advantages.
First, the representation is compact; the set of all genotypes is ﬁnite and computationally enumerable. Second, neutrality is intrinsic to the system; a total
of 228 genotypes map to 16 phenotypes. Third, there is a clear delineation between genotype, phenotype, and ﬁtness, allowing for a full description of their
interplay.
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By capitalizing on recent developments in the characterization of robustness
and evolvability in RNA [11,20], we provide a comprehensive quantitative analysis of the genotype and phenotype spaces in this LGP system. Using a large
ensemble of random walks, we then conduct a preliminary exploration of the
relationships between robustness, evolvability, and mutation-based search. We
discuss the implications of our results and present directions for future work.

2
2.1

Methods
Linear Genetic Programming

In the LGP representation, an individual (or program) consists of a set of L
instructions, which are structurally similar to those found in register machine
languages. Each instruction is made up of an operator, a set of operands, and a
return value. In the programs considered in this study, each instruction consists
of an operator drawn from the set {AND, OR, NAND, NOR}, two Boolean operands,
and one Boolean return value. The inputs, operands, and return values are stored
in registers with varying read/write permissions. Speciﬁcally, R0 and R1 are calculation registers that can be read and written, whereas R2 and R3 are input
registers that are read-only. Thus, a calculation register can serve in an instruction as an operand or a return, but an input register can only be used as an
operand. An example program with L = 4 is given below.
R1 = R2 OR R3
R0 = R1 AND R2
R1 = R0 NAND R1
R0 = R3 NOR R1
These instructions are executed sequentially from top to bottom. Prior to program execution, the values of R0 and R1 are initialized to FALSE. After program
execution, the ﬁnal value in R0 is returned as output.
2.2

Genotype and Phenotype Networks

To facilitate the enumeration of the entire genotype and phenotype spaces, we
consider a two-input, one-output Boolean problem instance with L = 4 instructions. This sequence of instructions is referred to as the genotype. Letting C
and I denote the numbers of calculation and input registers, respectively, and
O the cardinality of the operator set, there are a total of (C × (C + I)2 × O)L
genotypes in the LGP representation. We refer to this set of programs as the
genotype space. In the system considered here (L = 4, C = 2, I = 2, O = 4), the
genotype space comprises 228 unique programs.
These genotypes map to a considerably smaller set of phenotypes, which are
deﬁned by the functional relationship between the input and output registers.
Speciﬁcally, the phenotype is deﬁned by the set of outputs observed across each
of the four possible combinations of Boolean inputs. Since the outputs are also
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Fig. 1. (a) Schematic diagram of a subset of genotype space in linear genetic programming. Vertices correspond to genotypes, their color to phenotypes, and edges connect
genotypes that can be interconverted via point mutations. (b) These point mutations
can be neutral or non-neutral, depending on whether the phenotype is preserved. For
visual clarity, we only depict a small subset of the potential point mutations to each
genotype.

Boolean, there are 24 = 16 unique phenotypes, the set of which we refer to as
the phenotype space.
The mapping from genotype to phenotype is highly redundant. As previously
mentioned, a convenient formalism for understanding this redundancy is a genotype network, in which genotypes are represented as vertices and edges connect
genotypes that can be interconverted via neutral point mutations. In this study,
we deﬁne a point mutation as a single change to an element of the instruction
set of a program. This point mutation is neutral if it does not lead to a change
in phenotype (Fig. 1).
The number of point mutations vij between the genotype networks of phenotypes i and j captures the number of unique mutational events that interconvert
these two phenotypes. By considering the adjacency of all genotype networks in
the genotype space, we can construct a phenotype network. Vertices correspond
to phenotypes and are weighted according to the size of their underlying genotype
network, and edges correspond to the adjacency of genotype networks and are
weighted according to the number of non-neutral point mutations between genotype networks (Fig. 2). By characterizing the genotype and phenotype spaces in
this way, we can describe the distribution of neutrality in this LGP system and
gain insight into how this distribution inﬂuences robustness and evolvability.
2.3

Robustness, Evolvability, and Accessibility

Several measures of robustness and evolvability exist in the literature, at both the
genotypic and phenotypic scales. Following [11], we deﬁne genotypic robustness as
the fraction of the total number of possible point mutations to a given genotype
that are neutral. Genotypic evolvability is deﬁned as the fraction of the total
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Fig. 2. Phenotype network for linear genetic programming with two inputs, one output,
and four instructions. Each vertex comprises a genotype network, as depicted in Fig.
1, and thus vertex size corresponds to phenotypic robustness. Edge width denotes the
number of non-neutral point mutations between two phenotypes (vij ). Phenotypes are
labeled according to their functional relationship between input and output, where x
and y denote the inputs stored in registers R2 and R3 , respectively.

number of possible phenotypes that are accessible through non-neutral point
mutations to a single genotype. Phenotypic robustness is deﬁned as the size of
the phenotype’s underlying genotype network.
For phenotypic evolvability, we consider two metrics. The ﬁrst E1 is simply the
proportion of the total number of phenotypes that can be reached via non-neutral
point mutations from a given phenotype [11]. The second E2 provides a more
nuanced analysis of the potential to mutate from one phenotype to another [20].
Letting
 v
 ij
, if i = j
k=i vik
fij =
(1)
0,
if i = j
denote the fraction of non-neutral point mutations to genotypes of phenotype i
that result in genotypes of phenotype j, we deﬁne the evolvability E2 of phenotype i as
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E2,i = 1 −



fij2 .

(2)

j

This captures the probability that two randomly chosen non-neutral point mutations to genotypes of phenotype i result in genotypes with distinct phenotypes.
This metric takes on high values when a phenotype is adjacent to many other
phenotypes and its non-neutral mutations are uniformly divided amongst these
phenotypes. It takes on low values when a phenotype is adjacent to only a few
other phenotypes and its non-neutral mutations are biased toward a subset of
these phenotypes.
In addition to measuring the propensity to mutate away from a phenotype,
we also measure phenotypic accessibility [20], which is formally deﬁned as

fji .
(3)
Ai =
j

This metric takes on high values if phenotype i is relatively easy to access from
other phenotypes, and low values otherwise.

3
3.1

Results
Statistical Characteristics of Genotype and Phenotype Space

To characterize the genotype and phenotype spaces of the two-input, one-output
LGP system of L = 4 instructions, we exhaustively enumerated the size and
structure of the genotype networks corresponding to each of the 228 individual
genotypes.
In Fig. 2, we depict the corresponding phenotype network. The network is fully
connected, such that any phenotype can be reached directly from any other. However, the number of non-neutral point mutations between phenotypes, depicted
by edge width, is heterogeneous. Some phenotypes are mutationally biased toward a small subset of phenotypes (e.g., Fig. 2, x), while others mutate nearly
uniformly to all other phenotypes (e.g., Fig. 2, x XOR y). Phenotypic robustness,
depicted by vertex size, is also heterogeneous and ranges from a minimum of
24,832 genotypes to a maximum of 60,393,728 genotypes (occupying  1% and
23% of genotype space, respectively). Each phenotype comprises a single genotype network, as opposed to multiple independent genotype networks. Thus, any
genotype yielding a speciﬁc phenotype is reachable through a series of neutral
point mutations from any other genotype with the same phenotype.
In Figs. 3a,b, we depict the distributions of genotypic robustness and genotypic evolvability for the representative phenotype FALSE. Within this phenotype, and all others in this system, the distribution of genotypic robustness is
bimodal (Fig. 3a), while the distribution of genotypic evolvability is unimodal
(Fig. 3b). These properties are inversely related, such that genotypes of greater
robustness are less evolvable (Fig. 3c).
The means of the distributions of genotypic robustness and evolvability vary as
a function of phenotypic robustness. Speciﬁcally, average genotypic evolvability
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Fig. 3. Properties of genotypes within the phenotype FALSE. Distributions of (a) genotypic robustness and (b) genotypic evolvability for all ≈ 60 million genotypes. (c)
Relationship between genotypic evolvability and genotypic robustness for 10,000 randomly sampled genotypes. The solid line represents the best linear ﬁt to the data, and
is provided as a guide for the eye.

decreases logarithmically as a function of phenotypic robustness (Fig. 4a, R2 =
0.95). This intuitive observation implies that within robust phenotypes, most
mutations are neutral and do not allow access to adjacent phenotypes. It follows
that the individual genotypes that make up robust phenotypes are collectively
more robust. Indeed, we observe that the average genotypic robustness increases
logarithmically as a function of phenotypic robustness (Fig. 4b, R2 = 0.98).
The relationship between phenotypic evolvability and phenotypic robustness
is less intuitive. Because the phenotype network is fully connected, all phenotypes are equally and maximally evolvable according to E1 (ﬁlled circles, Fig.
4c). In contrast, when mutational biases are taken into account with E2 , phenotypic evolvability exhibits a nonlinear relationship with phenotypic robustness
(open circles, Fig. 4c). Phenotypic evolvability is lowest for phenotypes of intermediate robustness (x AND !y, !x AND y), and then increases logarithmically
with increasing phenotypic robustness (R2 = 0.87). The relationship is made
non-monotonic by the high evolvability of the least robust phenotypes (x XOR y,
x == y).
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Fig. 4. Statistical properties of genotype and phenotype networks in linear genetic
programming. Genotypic (a) evolvability and (b) robustness and phenotypic (c) evolvability and (d) accessibility as a function of phenotypic robustness. The data in (a,b)
correspond to the average of all genotypes within a given phenotype and error bars
denote their standard deviation. The solid lines correspond to the best (a,b) logarithmic, (c) piecewise logarithmic, and (d) power-law ﬁt to the data, and are provided as
a guide for the eye. In (c), two measures of phenotypic evolvability are shown.

Phenotypic accessibility increases monotonically as a function of phenotypic
robustness, following a power-law (Fig. 4d, R2 = 0.99). This implies that random
mutations are more likely to lead to robust phenotypes than to non-robust phenotypes. Taken together, these results suggest that the most robust phenotypes
are both easy to ﬁnd (Fig. 4d) and highly evolvable (Fig. 4c), with the exception
of the least robust phenotype, which is simultaneously the least accessible and
the most evolvable of any of the phenotypes in this system.
3.2

Random Walks through Genotype and Phenotype Space

To begin to understand the implications of these observations for mutationbased search, we consider an ensemble of random walks. For each of the 16 × 16
possible combinations of phenotypes, we designate one phenotype as a source
and the other as a target. We then perform 1000 random walks, starting from a
randomly chosen genotype in the source phenotype and ending when the random
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Fig. 5. Mean waiting time of a random walk as a function of (a) the source phenotype’s
evolvability and (b) the target phenotype’s accessibility. The solid lines corresponds to
the best (a) exponential and (b) power-law (T ∝ A−5/3 ) ﬁt to the data. Both lines are
provided as a guide for the eye.

walk reaches any genotype in the target phenotype. Each step in the random
walk corresponds to a single point mutation. We record the average number of
steps required to get from one phenotype to another, which we refer to as the
mean waiting time.
In Fig. 5, we depict the mean waiting time of a random walk as a function of
the source phenotype’s evolvability (Fig. 5a) and the target phenotype’s accessibility (Fig. 5b). While the mean waiting time is independent of the evolvability
of the source phenotype (R2 = 0.001), it is strongly correlated with the accessibility of the target phenotype (R2 = 0.99). Speciﬁcally, the mean waiting
time T decreases as a function of target accessibility according to the power-law
T ∝ A−5/3 . Thus, accessible phenotypes are found more rapidly by random mutation than less accessible phenotypes. As highly accessible phenotypes are also
highly robust (Fig. 4d), random mutation leads to robust phenotypes.

4

Discussion

The results of this study have helped to clarify how the distributions of neutrality at the genotypic and phenotypic scales aﬀect the relationship between
robustness and evolvability in linear genetic programming (LGP). At the genotypic level, robustness and evolvability were found to be negatively correlated
with one another (Fig. 3c), echoing previous results regarding RNA landscapes
[11]. This intuitive observation suggests that robust genotypes are located far
from the periphery of the genotype network, prohibiting direct mutational access
to adjacent genotype networks. Further support for this claim could be obtained
through a topological analysis of the genotype networks, which could also help
to explain the observed bimodality in the distributions of genotypic robustness
(Fig. 3a).
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Within a given phenotype, the distribution of genotypic robustness was heterogeneous, where some genotypes were vastly more robust than others (Fig.
3a). In addition, all genotypes within a phenotype formed a single genotype network, such that any genotype was reachable from any other through a series of
neutral point mutations. Taken together, these results suggest that genotypic
robustness is an evolvable property in LGP. A caveat of this observation is that
any selective pressure for genotypic robustness comes at the expense of reduced
genotypic evolvability (Fig. 3c).
At the phenotypic level, the relationship between robustness and evolvability
varied depending on how evolvability was deﬁned (Fig. 4c). When deﬁned by
the total connectivity of a phenotype in the phenotype network (E1 ), evolvability was independent of robustness; all phenotypes were maximally evolvable. In
contrast, when mutational biases were taken into account (E2 ), the relationship
between evolvability and robustness was nonlinear, with phenotypes of intermediate robustness exhibiting the lowest evolvabilities. These results contrast with
those made in RNA systems where E1 was found to be positively correlated [11],
and E2 negatively correlated, with robustness [20]. However, accessibility and robustness were positively correlated (Fig. 4d), in line with observations made in
RNA systems and supporting the intuitive notion that larger phenotypes are
easier to access.
To explore the implications of these observations for evolutionary search, we
considered an ensemble of random walks between source and target phenotypes.
The mean waiting time of random mutation to reach a target phenotype was
found to be uncorrelated with the evolvability of the source phenotype (Fig. 5a),
a result that calls into question the utility of existing phenotypic evolvability
measures. While these measures provide useful information concerning the immediate adjacency of phenotypes [11] and their mutational biases [20], they are
too myopic to predict the length of an evolutionary trajectory from one phenotype to another. Consider, for example, that correlations may exist between the
evolvabilities of adjacent phenotypes, such that high evolvability phenotypes are
mutationally biased toward low evolvability phenotypes. As these correlations
(a.k.a. mixing patterns [21]) are not taken into account, the applicability of current phenotypic evolvability measures are left severely constrained, at least for
this system.
In contrast, the mean waiting time of random mutation to reach a target phenotype was strongly correlated with the target phenotype’s accessibility (Fig. 5b).
Our observations suggest that this relationship follows a power-law of the form
T ∝ A−5/3 . We believe this relationship may lend itself to analytical treatment,
which could prove useful in generalizing our results to other phenotype networks.
For instance, it remains to be seen whether target accessibility is predictive of
mean waiting time in phenotype networks that are not fully connected. Recent
analyses of random walks on weighted complex networks [22] may provide a useful starting point for this analysis.
There has been much debate regarding the beneﬁt of neutrality in evolutionary computation. Using a simple set of experiments, recent analysis has
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demonstrated this beneﬁt to be problem dependent [9]. Our results provide a
more subtle picture. Using the notion of robustness to compartmentalize neutrality into speciﬁc phenotypes, we have shown that it is not only the presence
of neutrality that aﬀects mutation-based search, but also how this neutrality
is distributed amongst phenotypes. The more robust the target phenotype, the
easier it will be for evolution to identify it.
To fully understand how robustness, evolvability, and accessibility inﬂuence
evolutionary search, future analyses will have to take ﬁtness into consideration.
In the Boolean search problem considered herein, for example, ﬁtness could be
assigned as a function of phenotypic distance from the target [19]. As only ﬁve
distinct ﬁtness values exist in our LGP system, this form of ﬁtness assignment
would add a new layer of robustness and evolvability to the analysis. Specifically, this layer would consist of a set of vertices that each comprise multiple
phenotypes, and links between these vertices would capture all mutational events
that lead from one ﬁtness value to another. While ﬁtnesss would therefore modify the transition probabilities between phenotypes, selection would modify the
transition probabilities between ﬁtness values. Understanding how these layers
interact to inﬂuence evolutionary search is left for future research.
Future work will also consider population-based evolutionary search and the
role of recombination. We are particularly interested in analyzing population
diﬀusions throughout genotype and phenotype networks [23], under mutational
and recombinative variation operators, to understand how robustness and evolvability change as a function of phenotypic distance to the target.
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