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Wepresentanew dynamicalmethodto solveproblemsofcombinatorialoptimization.Thebasisunits (artificial neurons)ofa
networkgenerateacompetitivedynamicsby theirtwo-dimensionalinteractionsBasedon thatspecificdynamicsthesystemuses
muchthesameinformationashumanbeingstoreducethesolutionspaceof theproblemThemethodis appliedto theTSPand
comparedto conventiodalapproathes.

1. Introduction main, i.e. distancesbetween cities, and energies

coming from. the intrinsic dynamics domain, i.e.
Recently,acoupleofphysicalmethodswerefound constraintsnecessaryfor the systemto convergeto

to solveoptimizationproblems.Theseinclude sim- oneof the desiredstates,is problematic.
ulatedannealing[1], evolutionarysearchstrategies Moreover,onemayaskquite generally,whethera
[2—41andneuralnetworkalgorithms[51.Theneural gradientmethodasthatof HopfieldandTankis, will
networkapproachis of special interest,since it si- ever give goodresults,if the only choiceonehasat
multaneouslyhasthepotentialto berealizedincheap hand is that of initial conditions (of uncertainty).
hardware. Presumably,thereshouldexist numerouslocal mm-

Ourown work on this problemwastriggeredby a ima in theenergylandscapecomplicatingthe search
paperof Wilson andPawley [6] who reportedon considerably.The standardargumentis that at the
considerabledifficulties in applying the neuralnet beginningof thedynamicalprocessto solve theTSP
algorithmof Hopfield andTank [5] on the travel- no pathisselecteddefinitively. Startingfrom a fuzzy
ling salesmanproblem.Althoughthisalgorithmmay state,thesystemchoosesundertheinfluenceof “dis-
suffer from serious deficiencies,its authorsnever- tanceenergies”oneof themorefavourabletours.As
thelesspointedto one decisiveissue in the game, is reportedin ref. [6], however,in a largeportionof
namelythe usageof a dynamicalsystemto solveop- casesno tour at all resultsfrom thedynamicsunder
timization problems, consideration.Thispreciselyreflectsthe factof “an-

In the following Letterwewantto follow thisgen- tagonistic”forcesbeingpresentdueto distanceener-
eral intention.Weuse,however,anotherdynamical gies on the one handandconstraintviolationener-
systemwhich wasproposedrecently in the context gies on the other.
of patternrecognitionandassociativememory [7]. Besidesthis potentialnon-convergenceof the al-

By introducinga clearseparationbetweencoding gorithm there remainsanother serious problem:
theproblemandthe dynamics“solving” it weavoid Loadingconnections(thesynapticmatrix) with cor-
someof the sourcesoftrouble oneencountersin the respondingdataintothe neuralnet is verytimecon-
algorithmof Hopfield andTank. As in ref. [5], the suming(of theorder0(N4)) if it hastobedonefor
dynamicsis drivenby minimizationof apotentialor every city configurationseparately[8].
energyfunction.In ref. [6], the authorshaveshown Here,wetakeanotherpointof view inclearly sep-
— at least in our interpretation— that an additive aratingdynamicsandproblem.conditions~We map
mixtureof “energies”comingfrom the problemdo- the travelling salesmanproblemonto a two-dimen-
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sionalgrid of units performinga competitive dy- 0 ~ ct, dk(1) ~1. A dynamicalsystemwhich ampli-
namics in two dimensions. As order parameters fiesthegreatestdk(0),dk,,~,(0)= max{dk(0),k= 1
which will allow us to encodethe problem appro- N} until it saturatesat dkm (t—.cio)= 1 and sup-
priately weuse somethinglike inversedistancesbe- pressesall others (dk(t—#oo)= 0, k� kmax) (cf. fig.
tweencities. Theseinversedistanceswill determine I a) wasformulatedin ref. [7]. Theinteractionbe-
the initial stateof a dynamicalsystemwhich then tweendifferentdk’s is competitiveanda singledk~ 0
relaxesto its equilibrium state.Theconsequenceof will survive in the long run. Laws of this kind are
this relaxationis that the dynamicalsystemextracts verycommonin nature[9]. Recently,theywereap-
shortpathsorneighborhoodrelationsbetweencities. plied to patternrecognitiontaskswith considerable

After relaxation,the problemconditionsor con- success[7,10].
straintsare checked.If the proposedsolutionis not A naturalextensionto competitionin two dimen-
feasible,i.e. no uniquetour results,a new runof the sionsis written in the following way,
dynamicsis preparedin sucha way as to approach
the constraintssuccessively.A recursiveapplication d( t) = d

1,~(t) (1 —2 ~ d~,1(t)
of this algorithmwill finally leadto a feasiblesolu- i’*i

tion. The decodingof the result will give us in gen-
erala good solutionto the TSP problem. —2 ~ d~.(t)—d~1(t)

Thus, the overall structureof the problem to be i’ ‘~‘i

solvedis mappedontoappropriateinteractionsbe- /

tweencomponentsof a dynamicalsystem— in this =d1~(t) (1 — ~ d~~(t) — ~d? ~(t)

caseto amplify certainquantities— whereasthespe- ‘ \ “ ‘

cifi callyposedproblemisusedasinitial conditionfor
the time developmentof that system.This is a gen- — ~ d~(t) — ~ (t) + d~1(t)
eralmethodwhich canbe appliedto severaloptim- ~“i
ization problemsgiven anappropriatecoding. /

The proposedprocedureis suitable for parallel =d1~(t)~
computersaswell asfor specialhardware.Our sim- “

ulations, however,were obtainedon a serial ma-
chinewith a discretizedversionof the algorithm. +3d~~(t)). (1)

The paperis organizedasfollows: In section2, a
briefsketchof theone-dimensionalcompetitivesys -____________

tem is followed by the two-dimensionalgeneraliza- a: b: 0 ~ 039 0.41 003

tion. Section3 discussestheprecautionsto betaken
if the system is applied to the travelling salesman ___________________ 0.39 0.00 0.35 0.36

problem. In section4 we reporton simulationsof 0 26 0.80] 0.4 0 35 0.00 0 25

100-city-problems.Section5 comparestheresultsto 003 0.36 0.25 000

othermethodsandcommentson it.

2. Thealgorithm . 000 0.00 0.00 1 00 _______________

We first recall the one-dimensionalcase. The 01) 0 00 00

problemis tofind thegreatestcomponentofavector . . .

Fig. 1. (a) Behaviorof aone-dimensionalsystemamplifyingthe
Ck, k= 1,...,N. We usethevector ck as initial condi- greatestcomponentofavector.(b) Schematicalsketchof atwo-
tions dk(0) of a dynamicalsystemdescribedby a dimensionalsystem.The resultingmatrix of stateshasa single
vector dk(t), k= 1,..., N. For definiteness, let “1” in everyrowandcolumn.
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Equilibrium is reachedfor 3. Application to the TSP
(a) d,,~=O, . The N-dimensionaltravelling salesmanproblem
(b) d1,~=l,d1,1=d~~.=0Vi’#i,j’~j.
Eq. (1) follows as a gradient dynamicsfrom the consistsof finding the shortestpaththroughN cities

visiting eachcity onceandreturningto the startingpotential
point. The two-dimensionalcompetitivedynamics

V(d1~)= — ~ d,~j+ ~ ~ ~ introducedabovewill serveusnowtoreducetheso-
lution spaceof the N-dimensionalTSP drastically.

~ d
2 d2 —~ ~ NotefirstthataNxNmatrixA(theadjacencyma-i.j ‘.3’

trix) is able to representthe N! possibletoursof a
0~ d

1~(t) ~ 1 . (2) travellingsalesmanvisitingNcities [111.We could
usethedynamicalsystemto generatean adjacency

Here,wehadto introducetwo differentindicesfor matrix if anappropriatecodingcould be found. To
rows and columns, since competitionhas to take this end,we considertheheuristicsearchprocedure
place only in the correspondingrow and column. humansare applying if confrontedwith the same
Thus, the competitivedynamicalsystemperforms problem.Roughly, then we performthe following
operationson a grid of the d1~’sandchangestheir operations
valuesdependingon otherd1Js. (i) Connectcities with smalldistances,

The dynamicsensuresthatin every row andcol- (ii) fulfil the constraintof a closedtour,
umn only one elementdominatessuppressingthe (iii) minimize tour lengthby trial-and-error.
others(cf. fig. lb). It hasa similar functionas the We shall follow thisheuristicclosely.Fig. 3 shows
neurondynamicsinHopfield andTank’ssolutionto the overall systemcomposedof a codinglayer, the
the taskassignmentproblem [12]. Not in all cases centraldynamiclayerandadecodinglayer.We start
thegreatestinitial valuesurvivesbecauseall cellsare with the city-coordinates.The coding layer trans-
mutuallyconnectedandinhibit eachother.Accord- formsthisinformationin two stepsinto initial states
ingly, achangein one cell’s statehasconsequences of atwo-dimensionalcompetitivedynamicalsystem
for all others.Fig. 2 showsa typical exampleof the with N rows andNcolumns.
process. First,a tableof distancesbetweenall cities isgen-

erated.Sinceonly arelativemeasureis needed,the
distancesare normalized by dividing through the
minimal distancein the whole problem,

1.0

0.9 e,~=minj,,j,V/~~_xj,)2+(yj,_yj,)2~

0.8

~ /l~// Secondly,a transformationto the inversenormal-0.7 ized distancesis performed,
~0.5 __d~~=1 , ife1~~0,

0.4 e,1+ c
/ \

0.3 // \ =0, else, (4)

~:~ tie,
0.0 5.0 10.0 15.0 20.0 25.0 ,,> Cod1~i

—4iterations

Fig. 2. Typical behaviorof thedynamics(only 3 rows shown): Fig. 3. Theoverallsystem.City coordinatesaretransformedby a
In eachrow andcolumnonecomponentgetsamplified.Dueto codinglayerinto initial conditionsof a dynamicallayer. After
interactionssometimesasmallercomponentdominates, relaxation,adecodingofthestationarystateresultsin acity tour.
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0Loop

which will begivenasthe startingstated1~,(0) toour ~ N1 = N.
dynamicalsystem.cis a cut-offparameterregulating
the maximally allowedvalue~‘ of d1,,(0). An unfavourablecity-distributionwill then leadin

Theinversedistancesd1~quantifytheproximity of the seconddynamicalphaseto two or moreloops.
cities to eachother. Indeed,theyareusedby human A methodto cure this problemis to disconnectin
problemsolversto largelyreducealternativechoices everyclosedloopthelargestconnectionbetweencit-
amongtours.By d1~,in principle, every city is con- ies, to reloadthe d1~(0) left for anotherrun andto
nectedto everyotherone,thuswecaninterpretthem allow all but the disconnectedpaths.Applying this
aspossiblyrealized(fuzzy) pathsina solutiontothe procedurerecursivelyone finally endsupwith a fea-
TSP at hand andallow its time development.The sible tour. Together with a subsequentlocal im-
dynamicalsystemis constructedto isolateand“am- provementofthesolution,we call thispostprocessing.
plify” small distancesamongcities.

Due to the symmetric characterof the matrix
(D ) ,~= d,~two cities mustagreein choosingeach 4. Simulationresults
otherasof shortestdistance.Beginningwith d1~(0),
at the endof the so-calledphaseI of the dynamics The simulationspresentedhereare doneon 100-
every city is thenconnectedto its nearestneighbor city TSPs.The cities were distributedrandomlyon
if this wasnotinhibitedby anothercell.But wewant a unit square.Datawere accumulatedwith 100 dif-
eachcity to be connectedto two neighbors.Conse- ferentcity-configurations.To solve eq.(1) timewas
quently,wehave to go throughthe dynamicalstage discretizedanda Newtonapproximationwasapplied.
twice. In a secondphase,one startsagain with the Fig. 4 sketchesa selectionoftypical resultsfor two
original initial values of inversedistanceswhere, configurations.After obtainingthe unfeasiblesolu-
however, the nearestconnections resulting from tions (fig. 4a), a recursiveapplicationof the algo-
phaseI are destroyed.This ensuresthat after run- rithm generatesa feasibletour with obviousshort-
fling dynamicsa secondtime in phaseII eachcity is comings (fig. 4b). The postprocessingby a local
connectedto the next nearestneighbor,too, if this searchstrategy (2-opt), however, eliminatesthese
wasnotinhibited by othercells. flawsrathereffectively (fig. 4c).

In the decodinglayerresultsof phasesI andII are Table 1 showstheoutcomeofthedynamicalphases
consideredsimultaneously.Now, every city is con- I andII in termsof resultingloops,addedforall con-
nectedto two othercities wherebyoneor moreclosed figurations.Fig. 5 displaysall runs comparedto a
pathsare generated.The latter constitutesa diffi- purely local searchby 2-opt anda simplegreedyal-
culty sincemorethanone closedpath (i.e. appear- gorithmstartingwith anarbitrarycity. Table2 sum-
anceof loops) is not a feasiblesolution to the tray- marizestheseresultsandcomparesthem to the the-
elling salesmanproblem.Although the solution in oreticallimit of t_—7.49 [131. It turns out that the
termsof overall length is quite good, it is only fea- algorithm convergesin general to a tour slightly
sible for the assignmentproblem. longerthanthetwo simpleralgorithms.Thelocal part

A closerlook at the criteria for non-feasibleso- of thepostprocessing,however,improvesthe results
lutions gives the following picture: considerably.Thelattermight beidentifiedwith the

To result in morethan oneclosedioop two con- trial-and-errorphaseofa humanproblemsolver.We
ditions mustbe fulfilled: expectthe postprocessingto be necessaryin nearly

(i) Thenumberof participatingcitiesin eachloop all casesdue to the local natureof the dynamics
N1, ~ 1,..., ~Loop~ mustbe evenandgreaterthan2, applied.
i.e. 4~<N,~<N ~ An interestingaspectis thesaturationbehaviorof

(ii) Eachcity mayparticipateonly in one loop, variablesd.,~(t). If oneplotsthe numberof variables
notsaturatedoverthe numberof iterationsa phase
transitionseemsto bevisible. It maybesaidthatthe

Thisvalueisd,~=11(1+c). systemundergoesa phasetransition from its unde-
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a:

_ a

b: Si 9.0 Pi.0 11,0 12 0

“b
8.0 9.0 10.0 11.0 12.0

Fig. 4. Two samplesof theresults.(a)After phases!andII. (b) — , -

After applicationof therecursivealgorithm. (c) After anaddi-
tional localsearchby 2-opt.

5.0 5.0 10.0 11.5 15.5

Fig. 5. Resultingtourlengthfor 100 lOO-city-TSP5.(a)Two-di-
Table 1 mensionalcompetitivedynamicsincluding postprocessing.(b)
LoopsofN

1 citiesappearingin 100 lOO-city-TSPs. 2-opt.(c) Greedyalgorithm.

N, n N, n

4 323 20 3 cidedstate(no variablesaturated)to itsdecidedstate
6 89 22 4 ‘ (all variablessaturated).Fig. 6 exemplifiesthisbe-
8 45 24 6 havior usinga sampleof 100 random10-city con-

1 figurations.Theearliercompetitionsetsin, thefaster

14 12 30 2 the problemis solved.It follows thatonecanaccel-
16 9 34 2 eratethe processby startingthe systemnearthe on-
18 5 42 i setof competition.
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Table2 laxationprocessthis forcesthesystemmoreandmore
Comparisonof 100runswith identicalcity configurations. to the desiredstate.

The comparisonwith otheralgorithmsshows an
Comp.dyn. 2-opt Greedy

averageupgradein solutionqualityof at least3 per-
ConfigurationI ‘~ 7.98 8.71 9.44 cent.Thisresultshouldbeseenin thecontextof the
Configuration2 ‘~ 8.27 8.80 9.26 naturalparallelizabilityof thedynamicsconsidered.
Average

6’ 8.32 8.59 9.71
Bettersolutions°‘ 84 16 0 A specialpurposehardwarecould leadto decision

timesof theorderof millisecondshavingmostof the
“ Cf. fig. 5. bI Over100configurations. processingtime savedfor postprocessingandread-
C) Comparedto theothertwo methods. out. The computationalresourcesof N2 processing

unitscouldbelimited (tosay 1 04 simpleprocessors)
by processinglocal regionsof the total problemSe-

100.0 rially. Besidesthesemodifications,a singledynam-

~ 80.0 lems,andthe dynamicsasa whole, thoughwithout
70.0 postprocessing,may be used to solve assignment
60.0 problems(cf. ref. [11J).
~o.o Thus,thealgorithmdemonstratedis nota general

0 90.0 ~ ical runmaybeusefulto solvegraphmatchingprob-
40.0 solutionto theTSPproblem.Ratherit is anotherdy-
30.0 namical systemcapableof collective computation.
20.0 Thedifferenceto other systemsusedfor optimiza-
10.0 tion is thatonly thegeneralstructureofthe problem
o.c is mappedontointeractionsbetweencollectivevari-

0.0 5.0 10.0 15.0 20.0 25.0 30.0 35.0 40.0
iterotions ableswhereasthe concreteproblem itself is pre-

sentedas initial conditionto the network.
Fig. 6. Saturationbehaviorin randomcity configurations.The

Thisprocedureresemblesin someaspectsthe “in-
sharptransitionin thenumberof equationsiterated(= unsatu-
ratedvariables)indicatesaphasetransition. telligenceamplifier” designedby Ashby in thefifties

[14]. Indeed,a systemis constructedwhich hasthe

5. Discussion potential to give a nearlyinfinite amount of solu-
tions.The overwhelmingmajorityof possiblesolu-
tions is destabilizedunderinfluence of the initial

Otherdynamicallawsarelikewisereasonable.One conditionsby the particularinteractionchosen.In
particularcandidatewould be thisinterpretation,anenormousrangeofmodelsmay

becandidatesforasolutionof variousoptimization

a
11(t)=d1~(t)[a(l_ ~d~1(t)— ~ d?~.(t)) problems.

+~(i_ ~d?.~(t))+v(l_ ~d~2.i.(t))], (5) Acknowledgement
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