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Introduction

» The objective is to design contral laws that yield desirable
closed-loop performance in terms of both transient and
steady-state response characteristics.

» If the open-loop state equation is controllable, then an
arbitrary closed-loop eigenvalue placement via state-

space feedback can be achieved.
= Various names for the same technique:

» State feedback
» Eigenvalue placement
» Pole placement
» Assumptions:
= The system must be controllable
= We must have access to all state variables

» So far we have just considered the plant without any
imposed control. The directinputto the plantis u(t):

— Plant —

» If the plant’s open-loop response is unsatisfactory then
incorporate a new input called r(t):

— Plant ——

State Feedback Control Law

The open-loop system under study (the plant)is represented by the
LTI state equation: X(1) = Ax(1) + Bu(t)
¥()=Cx())

(null direct matrix D is assumed)
We focus on the resulting effect of state feedback control laws like:

u(r) =-Kx(1) + Gr(z)
where K is the constant state feedback gain matrix (m x ) that yields
the closed-loop state equation with the desired performance
characteristics and G is an (m x p) matrix which scales the new
reference input r(t) so that the magnitude of y(t) matches r(t)

x(1) = (A - BK)x(t) + BGr(1)
E ¥(1)=Cx(1)




(1) = Ax(1) + Bu(y) e (1) = (A-BK)x(t) + BGr(1)
¥(9) = Cx(y) uO=-Kx+Gr@ o ox

Open-loop system Closed-loop system
» Why has u(t) been re-defined in this way?

r(t) is called the
reference input. It
is set to the desired
value of y(t).

x(1) . (1)

» u(t) now plays a similar role to an error signal in classical
control. It gives the difference between the reference input
r(t) and the system state, scaled through K.

= However, the feedback now comes from x(t) not y(t).

Application to SISO Systems
u(r) = -Kx(1) + Gr(t)

» If the systemis SISO: LA
= u(t) is a scalar
 1(t) is a scalar
= Kis a1xnrow vector
= G is ascalar

» We can re-write u()--Kx()+Gr(1) as:

x,(1)

K ] =0

u(t)=—[ k k- +Gr(t) = —k\x,(t) -k, x, (1) == k,x,(t) + Gr(t)

x”l( 1)

X(t) = (A -BK)x(?) + BGr(1)
y(1)=Cx(1)
» Feedback Gain Formula for Controller Canonical Form (CCF’
The coefficient matrices for CCF are given below:

0 1 o .. 0 0

0 0 1 .. 0 0

Acer = : Beor = i
0 0 0 1 0

-a, -a -a, -a,, 1

its characteristic polynomial (transfer funcion denominator) is writen as:
s"+a, " +as’ vas+a,
For the singe-inputcase, the gain matrix K is reduced to a feedback gain

vector denoted by: Keer =[ko ki Ky k]
Thus, the closed-loop system dynamics matix is:
0 1 0
0 0 1
Acer ~BeoKegr =| g § . :
0 0 0 1
-ay-ky, -a-k -a,-k, .. -a, -k,
with char. poly

s" (@, +k, )"+ (ay +ky)sT (@ +K)s +(ag + k)

n-1

Closed-loop Eigenvalue Placement

The characteristic polynomial for the compensated sy stem:

s+ (a,, +k,)s" e (ay + kST +(a + K )s +(ag + k)

n-1
The following represents the desired characteristic polynomia:

s" o, s st F s+ o
These alpha coefficients would be amived at by locking at the constraints
imposed by the problem (e.g. specifying a desired %0S and T).

We determine Kccr by pairing, term-by-term, the two paynomials above (the
actual and the desired) and salving for the k values.
ay,=a,+k, o =a+k o,=a,+k, - a, =a, +k,_,

n-1

which yields:

Keer = [(0{0 -a) (q-a) - (@, - an—l)]




Dynamic Response Shaping

» We are interested in shapingthe transient response (often
the step response), by modifying such characteristics as
rise time (Tr), peak time (Tp), percent overshoot (%0S),
and settling time (Ts)

» Second-order dominant systems are frequently used as
approximations in thedesign process

» That is if the system is 3rd order or higher, it is approximated as

2nd order
 If the system is 1st or 2nd order then it is treated as such

» Lets have a quick review of the characteristics of 1stand

2nd order systems:
= [Time response notes from 5821]
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Example 1

» Consider again the following mechanical system:

= o
State variables:

xi(1) = y(@®)
S I x2 (1) = y(1)

. 0 1 0
e I [ 4 :
m - m H(s) = - m

m
) c
x () ST WSt

s =11 o][10]

L
m

k 2
H(s) = m %
24 Lot k 52 4 20wps + w3

» We set specific values of the constants and compare with
the standard 2™ order transfer function to obtain:

m =1kg, c=1N-s/m, and k = 10 N/m

[k /10
Wy, =/ — =4/— =3.16 rad/s
m 1
c 1

- = — — —0.158
5 2/km  2/10(1)

Eigenvalues: Step Response:
—Ewyt

e .
M2 =—Ew, T w,V/E2—1 Y(t)=1*\/17_7§_25m(60df+9)
Ao2=—-05+£3.12i

y(t) =1 —1.01e7"¥ sin(3.121 + 80.9°)




System: sys 500 Step Response

+ We have the following desired characteristics:
« T, =2 seconds
* %0S =4%
+ From these we candetermine the desired 29 order system parameters

B I S
FbGaT TGl

, 4
w, = —-— =279 rad/s
&'ts

n

+ Desired characteristic polynomial:
2428 W+ w,” =22 4 4h +7.81

18 Peak 4
Ove_rsh@t (%): 60.4
Calculated characteristics: 16 _ o A ime:1.02
Ts = 8 seconds 14 ;
%0S = 60.46% 12 I f \ System:sys ||
1 ' \ / \ Settling Time: 7.32
§ 1::E\::/,:’\:,:’*f’:’€*:,:::::
‘_El 08 I System: sys }
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04 / [ |
02l |
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Both of these fime (sec)
characteristics can be In Matlab:
reduced! Desired: *Generate LTI system sysusing tf or ss
*Generate step response with step (sys)
Ts = 2 seconds *Right-click on plot and select “Characteristics” then the
characteristic of interest
%0S =4 % «Click on generated point to see the value selected.
X(7) = AX(1) + Bu(?) T X(t) = (A -BK)x(1) + BGr(1)
u(?) =-RKx(1)+ Gr(z
Y1) =Cx() y(t)=Cx(1)
Openrloop system Closed-loop system

* Desired characteristic polynomial:

A28 WA+ ol =A%+ 4)+7.81
* Open-oop (i.e. aigina) characteristic polynomia:

A+ 2kw,h + @l =22+ 1+ 10
* A - BK matrix for the compensated sy stem:

. 0 1
A-BE=|_14_ ) _1_k
» Characteristic polynomia forA— BK:

A2+ (14 K1) + (10 + ko)
* Sowe needk, =3 andk, =-2.19

X(?) = Ax(1) + Bu(?) = g x(t) = (A -BK)x(7) + BGr(1)
V() =Cx(1 uO="Kx@+Gr) ) oxg
Open-loop system Closed-loop system
0 1
A :[ ]
-10 -1
A—-BK = 0 !

-10—ky —-1-k
B=|01 c= 1 0]
10
Are we done? Not yet. Assuming G = 1, what transfer functions would we obtain?
Obtain transfer functions from A, B, and C (open-loop) or A-BK, BG, and C (closed-loop):

10

Hypon(s) = C(sI — A 'B+D = ——
pen(s) = C(s )" B+ 2+ s+10

10
Hejoseal(s) = C(sI — A+ BK)™'B D=——
tosea(s) = O(s +BE)"BG+ s?2 +4s+7.81




StepResponse

Opendoop
Closeddoop
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() = Ax() + Bu(y) S (1) = (A - BK)x(1) + BGr(1)
Y0 =Cx(1 O=ISORGHO ) exp
Open-loop system Closed-loop system
10
Hutosed(s) = C(sI = A+ BK)'BG + D = o————
llkﬂ(id(s) (S + ) + $2+45+781

Consider the step response for this system:
1
Y(s) = H(s)-
S

What'’s the steady-state value? We can use the final-value theorem to find out:

The Final Value Theorem: f(o0) = ljn}) sF(s)
10

y(oo) = PB},H(’) = el H(s=0) also known as DC gain

If we want a steady-state value of y(1) =1 then set G=7.81/10

H(s)= — 0
()= i r7s1

StepRespins
-
Openioap
Closedionp

amptnice.

Tme(secends)

Success! %0OS = 4 asdesired. However, Ts=2.12 which is a little larger than 2. Recall
that our formula for Ts is actually based on an approximation, so this is a good result




